BEHAVIOR OF BERGMAN METRIC
UNDER QUASICONFORMAL
DEFORMATIONS

Hiroshi Yamaguchi and Fumio Maitani*

1 Quasiconformal-holomorphic movement

We are concerned with the change of function theoretic quantities on
Riemann surfaces induced by quasiconformal deformations depending on a
complex parameter. As a quasiconformal deformation we consider Riemann
surfaces with conformal structures decided by certain Beltrami differentials
depending holomorphically on a complex parameter. Let R be an open Rie-
mann surface and M(R) be the set of Beltrami differentials:

dz .
{p= u(z)£;u is measurable and |[|p]|« = esssupg|p(z)| < 1}
From p € M(R) we get another Riemann surface R, with the Riemannian
metric ds = A(2)|dz + p(2)dz|. We consider Beltrami differentials p, =
wu(z,t)dz/dz € M(R) with a complex parameter t varying in a domain about
zero. We assume that the following condition (H) is satisfied :

(i) u(z,t) is measurable and p(z,0) =0,

(ii) For every t, there exist positive numbers €;, M; such that
’6‘ < € = H:Ut+e - :ut”oo < MMtv

(iii) For almost all z, u(z,t) is holomorphic with respect to t.
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We say Quasiconformal-holomorphic movement for such a family {R;}
which satisfies the condition (H).

Let f; be the quasiconformal mapping from R to R,(= R,) whose Bel-
trami coefficient is p(z,t) = (fi)z/(fi)»-

2 Behavior spaces

Let A be the real Hilbert space of square integrable complex differentials
whose inner product is given by

< w,o >= Real part of// w/\*& = R(w, 0),
R

where xo denotes the harmonic conjugate differential of o and & denotes the
complex conjugate of o. The following subspaces of A will be used:

A ={X € A: \is acomplex harmonic differential},
Ao = {X € A: X is a closed differential which is orthogonal to Ay},

Iy, = {\ € Ay : A is a real differential}.

Let T', be a subspace of I';, and '+ be the space of harmonic conjugate
differentials which are orthogonal to every differential of I',. Set A, =T, +
1% I‘j and call A, a behavior space. Here we assume that A,(R;) o hy C
Az(RO) + Aeo(R0>'

For example, ¢I';, and I';, are behavior spaces and satisfy the condition.

3 Variation of meromorphic differentials with
behavior

We have some variational formulas of specific kind of meromorphic differentials®.



Theorem 1. Let ¢' be meromorphic differentials such that ¢* o h, — ¢° €
A, + Aoy Assume that the support of Beltrami coefficient u; of hy does not
meet an open set V including poles of ¢°. Then for t = u + iv there exist

differentials ¢!, ¢t € Ap(Ry) + Aeo(Ry) such that

t+u h a h—l_ t
¢ © t-‘rﬂot ¢_¢ZH:O

t+i0 st h*l At
hmH(b o t+n~)o t (25 _¢ZH -0
2—0 v

where @ and ¥ are real. Further ¢!, + i¢!, = i x (¢!, + igl) is a holomorphic
differential.

Set

lim ||
u—0

gt 1 ¢t

t t lt t
S = 30—l Tr = S (0l + idh).

4 Canonical meromorphic differentials with
behavior

Suppose that every support of p; does not meet a parametric disk V =
{z : |z] < 1} about p. We can regard z as a local variable of V; = h(V) in
R;. There exist the following canonical meromorphic differentials ¢!, ¥% on
R, with behavior:

(i) ¢f — foil and ¢! — foil are holomorphic on V |

(i) ¢! coincides with an element of iT', + A, on R, — V; and 9!, coincides
with an element of I'y, + A, on R, — V.

Let x be a C*™-real function such that x =1 on {z:[z| < 3} and x =0
on R; — V;. Take the following orthogonal decomposition:

1, 1 1 .
—(——d1 + — % di) =Wy +wo, Wy € th + Aeo, Wy € Fh —+ *Aeo
2 n 2" n 2"
and set o = —%dzn —w; = —% * d 2 X+ wy. Then o is harmonic except for

hi(p). Hence o +ixo = %dz— —w + i *wy 1s a meromorphic differential with
pole of order n + 1 at only hs(p) and coincides with i[';, + A, on R, — V;.
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Therefore o + i * o satisfies the condition of ¢! Similarly, by the orthogonal
decomposition:

. 4
5(_Edz_>; + % * d%) = w) +why, wy € T)+ Ao, wy €0y + *Ae,,

Yt is obtained.
Hereafter, for simplicity, we write ¢} = ', ¢! ="

5 Bergman kernel

Let K, = K,dz be a Bergman kernel for a point hi(p) on R; such that
(w, Ky) = w(0)

for any square integrable holomorphic differential w = wdz.

Theorem 2.C .

K, = e (80 - ¢t)

For any holomorphic differential w € A, let

(w, " V—hm// w/\*gp—z/ we?,
V-V, ov

where V. = {z;|z| < €}, w = dw on V. The real part of ¢’ coincides with an
element of A., on R; — V; and put it o7. We have

(w,01 +ix01)y = (xw, *01)y — i(w, %01y

:2i//dw/\01:2i/ wRe',
1% oV

(w, ") = (w,01 +ix01) — (W01 +i*x01)y + (w, )y

— d
= —22'/ wip’ + Z/ wet = —i/ we' = 27r—w(0) = 27w(0).
v v v dz

Similarly the imaginary part of ¥* coincides with an element of A,, on R;—V;,
and put it 7;. We have

(W, ¥") = (w,—* 1 +i11) — (W, — *x 71 + i1y + (W, ")y
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= 2wsn)y + @)y =2 [ Syt i [
oV ov

dw
p— ) t f— —2 _— f— —2 5 .
l/av we Wdz (0) 7w (0)

Therefore square integrable holomorphic differential (¢'—1") /47 is the Bergman
kernel. Set L; = ¢ + ¢*. The following variational formulas hold®.

Theorem 3. .
ot "ot

32f(t(p) aKt 8Kt 8Lt 8Lt

oot~ o o) T o ar )
8210gkt<p) . 1 8Kt (9Kt 8Lt 8Lt

otot Kt(p){( or ot ) Cor
1 0K, .,

—— —L K> 0.
Kt(p)Ql( 5 Kol

If log Kt(p) is harmonic,

oL, 0K,
ﬁ = 0 and ﬁ = (a+lb)Kt,

where a and b are real. Hence

Ut og 0K, 10

ot ot ot 2m Ot
For t = u + v (u,v real),
t t
09 gt + it = ant — ibgt — 0
ou v

Suppose Ry has a boundary part which consist of an analytic curve. The left
side is pure imaginary along the boundary part and the right side is pure
real along the boundary part. Further suppose that there is a curve from the
boundary point to p, which does not meet the support of ;. Then the both
sides are holomorphic on the curve and vanish there. Hence a = b = 0. It

holds 5ot 9t
@ _% _ 0 outside of the support of ;.
ou ov



Further

oot oYt 0K

o ot ot
Hence ¢!, ' and K; are holomorphic with respect to t. The meromorphic
function w = % on R, is pure imaginary along the boundary. Thus R; is
represented by w as a covering surface with slits over the imaginary axis.
Since w = w(z,t) is holomorphic with respect to t for a fixed z, these slits
are static and only branch points may move as t varies. The w has a following
development at p:

=0on R;.

'(/}t n=1
Set . .
P=S ) and =) bt
n=0 n=0
then ) )
e + anz" = (? + Z bn2")(1 + Z cnz")
n=0 n=0 n=1
1 C1
= ;+;+(bo+02)+(b1—|—03)z+... :

Hence ¢ =0, by + ¢ = ag. It follows that
¢y = ag — by = Ky(p) = (K4, ;) > 0.

Therefore p in the covering surface is a branch point of order 1. When R;
is a finite compact bordered Riemann surface, ¢! and 1! are extended to
its doubled Riemann surface. We can regard the doubled compact Riemann
surface as a covering surface by w. The point p lies on w = 1 and the image
point of p by the involution of doubled surface lies on w = —1.

Now, on this covering surface, we have

o' = O(t,w)dw = O(t, w)(w.dz + wzdZ),

Dot
VT
B Ob(t,w)  OD(t,w) Ow = ow, ows
= ( 5 + 9w —85)(wzdz + wzdz) + O(t, w)( 57 dz + En dz).



Since

0w Ow,  Ows

== o
it follows .
~00(t,w) _
0= T(wzdz + wsdz),
ie. N
o®(t,w) 0
o

Thus, by Hartogs theorem, é(t, w) is holomorphic with respect to ¢ and w.
Since ¢y is pure imaginary along the boundary, @(t,w) is constant on the
fixed boundary point on w with respect to t. Hence it is constant on every
surface point on w with respect to t. Now suppose that a branch point move
as t varies. Then ®(t,w) has the same Taylor development on the both
sheets which contains the branch point. When the Taylor development is
analytically continuated to the point p from one of the sheet along a curve
on which no branch point lies, the analytic continuation from the other sheet

reaches to p or the other point. The ¢, has a Taylor development at p:

va + ...)dw

2w —1)2

o=
and ! is holomorphic except for p over w = 1. These analytic continuations
have different development at the reached points. This is a contradiction.
Above all there is no moving branch point and hence the covering surface R;
is quite static.

Thus we have

Theorem 4. Let a family R; of finite compact bordered Riemann surfaces
form a quasiconformal-holomorphic movement. If log Ky(p) is harmonic with
respect to t, every Ry is conformal to Ry.

6 Robin constant

Let Gy = Gy(,p) be a Green function on R, with pole at h;(p) and set
w; = dG} + i x dGy. Robin constant at h,(p) is defined by

1 dz
Y(p) / Gi(z)— + loge.
|z|=¢

27 z
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Under a quasiconformal-holomorphic movement we have the following vari-
ational formulas.

Theorem 5.

Ovl(p) 1 Oy —
ot 47r( ot J/’ )

82%(17) - 1 (a¢t 877%)
otot 2w ot ' Ot

Take a point ¢ which is not zero point of @D;; and assume that v;(p) and
7¢(q) are harmonic. Then

o5, _, o4

FrE N

In the same way of Bergman kernel we have the following. The meromorphic
t

function w = % is pure imaginary along the boundary of R;. Hence R;
is represented b; w as a covering surface with slits over the imaginary axis.
Since w = w(z,t) is holomorphic with respect to ¢ for a fixed z, these slits are
static and only branch points may move as t varies. The point ¢ lies on w = 0
and is not branch point. For ¢} = W (w,t)dw, ¥,(w,t) is holomorphic with
respect to t and w. Since ¢} is pure imaginary along the boundary, ¥,(w,t)
is constant on the fixed boundary point on w with respect to t. Hence it is
constant on every surface point on w with respect to t. If a branch point
moves as t varies, then W, (w,?) has the same Taylor development on the
both sheets which contains the branch point. When the Taylor development
is analytically continuated to the point ¢ from one of the sheet along a curve
on which no branch point lies, The analytic continuation from the other
sheet reaches to a point except for q. The w; is holomorphic except for ¢
and the image ¢’ of ¢ by involution and has a singularity as —% at ¢’. Their
developments are different from the one at ¢. This contradicts to the result of
analytic continuation. Above all there is no moving branch point and hence
the covering surface R; is quite static. Thus we have

Theorem 6. Let R, be a finite compact bordered Riemann surface
with genus g which has m (> 0) boundary components. Let R, forms a
quasiconformal-holomorphic movement. For 2g +m + 1 points {p;}, if all
Ye(pi) are harmonic with respect to t, every Ry is conformal to Ry.



1/); . is extended to its doubled Riemann surface and the total order of zero
is 2(2g +m — 1) and the total order of pole is 2. Since its total order of zero
on R; is at most 2g +m — 1, One of the points {p;}i=2._2g+m+1 1S NOt zero
point of ¢} . It follows the conclusion.

.....
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