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[PAPER

Wave Scattering from an Apodised Sinusoidal Surface

SUMMARY  This paper deals with the scattering of a TE
plane wave by an apodised sinusoidal surface. The analysis starts
with the extended Floquet solution, which is a ‘Fourier series’
with ‘Fourier coefficients’ given by band-limited Fourier integrals
of amplitude functions. An integral equation for the amplitude
functions is derived and solved by the small perturbation method
to get single and double scattering amplitudes. Then, it is found
that the beam shape generated by the single scattering is pro-
portional to the Fourier spectrum of the apodisation function,
but that generated by the double scattering is proportional to
the spectrum of the squared apodisation. As a result, the single
scattering beam and the double scattering beam may have differ-
ent sidelobe patterns. It is demonstrated that the sidelobes are
much reduced if Hanning window or Hamming window is used as
an apodisation function.

key words: periodic Fourier transform, wave scattering, finite
periodic surface

1. Introduction

This paper deals with the scattering of a TE plane wave
from an apodised sinusoidal surface shown in Fig. 1.

The wave scattering by a periodically corrugated
surface with finite extent has received much interest,
because it is related with important applications [1]—
[6] such as diffraction gratings, leaky wave antenna
and waveguide couplers in thin film optics. Physically
speaking, the wave scattered from a finite periodic sur-
face is made up of several beams, which are diffracted
into the directions determined by the famous grating
formula [7]. Due to the interferences between waves
radiated from the ends of the corrugation, sidelobes
appears as ripples in the angular distribution of the
scattering [2]-[4], [8]. This paper proposes an apodised
periodic corrugation to reduce the sidelobe levels. We
will demonstrate that the sidelobes are much reduced
in level and in angular distribution if Hanning window
or Hamming window [9] is used as an apodisation func-
tion.

For analysis, we employ the method of periodic
Fourier transform introduced in a previous paper [§],
where the scattered wave was shown to have an ex-
tended Floquet solution in case of a periodic corru-
gated surface with finite extent. The extended Floquet
solution is a ‘Fourier series’ with ‘Fourier coefficients’
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given by band-limited Fourier integrals of amplitude
functions. From the boundary condition, we obtain an
integral equation for the amplitude functions. Assum-
ing the corrugation amplitude is sufficiently small, we
solve the integral equation by the small perturbation
method. We obtain the first and second order solu-
tions, which represent the single and double scattering
processes, respectively. Then, it is found that the beam
shape generated by the single scattering is proportional
to the Fourier spectrum of the apodisation function, but
that generated by the double scattering is proportional
to the spectrum of the squared apodisation. We con-
clude that the single scattering beam and the double
scattering beam may have different sidelobe patterns.

Properties of the periodic Fourier transform are
summarized in Appendix.

2. Formulation

Let us consider the wave scattering from a periodically
corrugated plane shown in Fig. 1. We write the surface
deformation as

. 27
2= f(z) = og(a|W)sin(kra), kp=—, (1)
where L is the period, o is the corrugation height
parameter, W is the physical length of corrugation
and g(x|W) is the apodisation factor which is a non-
negative function taking its maximum at z = 0,
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Fig.1 Scattering and diffraction of a plane wave from a peri-
odically corrugated surface with apodisation. The incident plane
wave and the scattered wave are denoted by ;(z, z) and 9 (z, z),
respectively. 6; is the angle of incidence and 65 is a scattering
angle. W is the physical length of corrugation and o is the cor-
rugation height parameter.
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§(O[W) = max{g(alV)] = 1, @
and vanishes for |z| > W/2,
w

oalW) =0, o] > 2. @

We denote the y component of the electric field by
¥ (z, z), which satisfies the wave equation

8—2+8—2+k2 Y(z,2) =0 (4)
0r? 022 B
in the region z > f(z) and the Dirichlet condition

'(/}(x7 Z) =0, z= f(.%'), (5)

on the surface. Here, k = 27/ is the wave number and
A is the wavelength.
We write the incident plane wave ¥;(x, z) as

bila, ) = P,

p=k-cosb;, (6)

k2 — (p+mky)?, Im[Bn(p)] >0,
(m=0,£1,42,--), (7)

Bm(p) =

where 6; is the angle of incidence. Since the surface
becomes flat for || > W/2, we put the electric field as

Y(z, 2) = e Pre PPz _ omipzoiboP)Z Ly (2 2), (8)

where e~ %0 (P)2 i5 the specularly reflected wave and
Ys(x, 2) is the scattered wave due to surface deforma-
tion.

In view of the periodic nature of the surface corru-
gation, we may determine a possible form of the scat-
tered wave. By use of the periodic Fourier transform
and its inverse transformation, it was shown in a pre-
vious paper [8] that the scattered wave may have an
extended Floquet form:

oo

1/)5(1',2’) = k‘i Z

L

m=—0o0

e—ikax

w/L ) )
X / Am(S)e_l(p+s)w+zﬁ7'L(p+s)zd8, (9)
—m/L

which satisfies the wave Eq. (4) and radiation condition
for z — oo. Here, A,,(s) is the complex amplitude of
the plane wave propagating with wave vector k = —(s+
p+mkr)e, + Om(p+ s)e,, e, and e, being unit vectors
in the  and z directions, respectively. In other words,
A (s) is the amplitude of the plane wave scattered into
the direction 0, determined by,

s A
cosfs = — (COSQZ' + z + mz> . (10)

If we put s = 0, (10) is reduced to the famous grating
formula:
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A
cosb,, = — (cos 0; + mf) ; (11)

where 6, is the mth order diffraction angle. Equa-
tion (9) is a ‘Fourier series” with ‘Fourier coefficients’
given by band-limited Fourier integrals of amplitude
functions A, (s).

The diffracted waves are physically radiated from
the corrugated part of the surface. Therefore, the
diffracted waves exist only limited regions in space and
in the far region they become beams propagating into
0s = 6., given by (11). In the angular distribution of
the scattering, such a beam appears as a mainlobe at
0s = 0,, with a finite beam width. The amplitude of
each beam is physically expected to be proportional to
W the width of corrugation. To represent the effects of
apodisation precisely, however, we introduce the width
parameter W,, and the spectrum function G, (s|W) as

G = [

—00

Wy, = Gn(0[W) = |G (sW)],

" eselg(alW)]de, (12)
(n=1,2,---),(13)

where the inequality holds because g(z|W) is non-
negative. By the Parseval relation and (13), we obtain

1 (o9} o0
o | 1GatsiwRas = [ lgalw)ds

— 00

= Wa, (14)
Then, we define the spectrum width AS()

S G (sW)Pds W,

ASM= =
|G (O[W) 2 w2

(n=1,2-"),
(15)

which is the half-power width shown in Fig. 2.
Applying the saddle point method to (9), we ob-

tain the scattered wave in the far field, from which the

scattering cross section o(6s]6;) is derived as

o(6s10;)

= lim 27rk—m7;1 s (r cos B, rsin 0,) |2

T —00

= 2mk)?
= 3 i n(keost, —p - miy )
L

m=—0o0

Gn (s|W)[?

]
|Gr (0|W)[?

— -—As(n)

\/\/\/\/\/\A

0 S
Power spectrum |Gy (s|W)|?2 and spectrum width
‘2

Fig. 2
AS™). Since g(x|W) is a non-negative function of z, |Gy, (s|W)
becomes maximum at s = 0.
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x sin? Ogu(—kcos O, — p —mkplkr),  (16)

where 65 and 6; are a scattering angle and the angle of
incidence, respectively (See Fig.1). Here, u(s|kr) is a
rectangular function

1a ‘3‘ SkL/2

u(slkr) = u?(slkr) = { 0. |s| > kp/2 (17)

We note that o(6,]0;) is a non-dimensional quantity
because it is divided by the width parameter W;.

3. Integral Equation

In this section, we will obtain an integral equation for
the amplitude A,,(s). By the Rayleigh hypothesis, we
assume the expansion (9) is valid even on the corru-
gated part of the surface. Substituting (8) and (9) into
the boundary condition (5), we obtain

Z e—zkaac/

m=—oo —n/L

= —[e" o)) _ gibo(p)f(@)], (18)

n/L
A,, (S)e—iS’xHBm (p+5)f (@) g

We decompose the exponential factor in (18) as

eiﬂm(P‘i‘sl)f(x) =1+ fe[m7gﬁm(p+ S/)]7 (19)

where the first term 1 in the right-hand side implies
the flat surface (z = f(z) = 0). The second term is the
effect of variation from the flat surface,

felz, aBm(p + "))
= exp [i0Bm(p + 8" )g(z|W)sin(kpz)] — 1 (20)

which vanishes when |z| > W/2 by (3). By the decom-
position, (18) becomes

1 - —imkpx /e n,—is'z ./
Em;me L /W/L Am(s)e ds
1 - —imkpx ~/L n,—is'z
+Em;we /_W/L Ap(se felz,
0Bm(p + s")lds’ = felz,050(p)] = felz,—0o(p)].
(21)

Using (A-4) and (A-6), we next calculate the periodic
Fourier transform of (21) to obtain,

oo oo

_ 1 ,
—imkrx —imkrx
m;m e EY A (s) + E m;m e L
w/L
X / Ap(8)F.[x,5s — 8, 08m(p+ 8')]ds’
—n/L

:Fe[xvsvo—ﬂ()(p)] —Fe[fE,S,—O'ﬂO(p)]. (22)

It should be noted that (22) involves only periodic func-
tions of x with the period L. This is because any
function of z is transformed into a periodic function
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of x by the periodic Fourier transformation. Here,
F.[z,s,008,(p)] is the periodic Fourier transform of

Jelz, o0 Bm(p)],
felz,08m(p)] <= Fe[z,s,00m(p)], (23)

where the symbol <= denotes the relation between
the periodic Fourier transform and its inverse, as is de-
scribed in Appendix. Since F,[z, s, 00, (p)] is a peri-
odic function of z by (A-2), we write

Felx,s,00,(p Z Conls, 0Bn(p)]e”™mkLe  (24)

m=—00

Form (24) and (22), one easily finds an integral equation
for the amplitude 4,,(s) as

> w/L
Am(s)+ 1 Z / Cm—i]s

— s, 00(p+ )]
ki l=—00 Y~/ L

x Ai(s")ds' = Cy[s,080(p)] — Cinls, —aBo(p)]. (25)

It is still open question to find out an efficient method
for solving (25). In the next section, however, we
give an analytical solution by the small perturbation
method.

4. Perturbation

Assuming ok < 1 and the corrugation height is suffi-
ciently small, we solve the integral Eq. (25) by the small
perturbation method.

We first expand C,,[s,00(p)] and A, (s) into
power series of the small parameter o,

Cmls,aBi(p)] = oCY s, Bi(p)]

+0207(73)[s7 Uﬁl(p)] + (26)
Am(s) = UASL)(S) + UQAg)(s) + e, (27)

where A,(%) and A,(ﬁ) are the single and double scattering
amplitudes, respectively. To calculate the coefficient

[, Bi(p)], we write

Jolw,oBi(p + 5]
— ioB(p+ s')g(a| W) sin(ky)

- %UQBIQ(p + 8" g2 (x| W) sin? (kpx) 4+ ---. (28)

Using (A-4), (A-6) and (A-8), we obtain

F.(z,s,0B8(p+5)] = i—aﬁl (p+s")sin(kpx)

o2

X Z —ImRLE G (s 4+ mkp [W) — Lﬂf(p—l—s’)

x sin?(kpx) Z e MRL Gy (s + mkp|[W) 4 - -,
m=—oo

(29)



1156

where G, (s|W) is the Fourier spectrum of g"(x|W).
From (24) and (29), we find

oWis. s = 26+

+ (m+ 1)k |W)

- G1(S + (m =1k [W)]. (30)

From (30), (27), (26) and (25), we obtain the single
scattering amplitude,

Po(p)
L

A (s) = [G1(s + (m+ 1)k |W)

—G1(5+ (m— l)kL‘W)] (31)
Using (31), (30), (26) and (25), we obtain the double
scattering amplitude,

@) b2
AP (5) =
( 47TL Z /kL/2

+(m —l+1)kL|W) Gi(s— 8 + (m—1— 1)ky|W)]
G (s + (L + D)k |W) — Gi(s' + (I — D)k |W)]ds'.
(32)

(p+5)Gi(s—5

By use of (31) and (32), we will calculate the scat-
tering cross section later. However, we obtain approx-
imate expressions for Ag,ll)(s) and Agb)(s) to see effects
of apodisation. When the width W is much larger than
the wavelength A, |G, (s|W)| becomes large at s = 0, as
is shown in Fig. 2, but |G, (s + mkr|W)| is small when
m # 0. Using such a localized property of G, (s|W),
we obtain from (31) a rough approximation for A%)(s),

AD(s) =0, m#+1,

AP ()~ -2, (g,

AN () ~ ﬁoL(P)

G1(s|W). (33)
Also we obtain from (32) and (12) a rough approxima-
tion for AS,?(S),

AP )~ P 5, ) 1 ) Gafsiw),

50( )

AP (s) ~ =222 By (p) Ga(s| W),

Aﬁ@%—%@ﬂdM%wW%

AD(s) =0, m#0,+2. (34)

where we have used the relation:
Ga(s|W) = / Gi(s — s'|W)G1(s'|W)ds
(35)
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From (33) and (34), this paper obtains important con-
clusions such that the single scattering amplitude and
the double scattering amplitude are proportional to
G1(s|W) and Go(s|W), respectively. Since |G,,(s|W)|?
becomes maximum at s = 0, the single scattering
beams appear at 6; = 64, and the double scattering
ones at 6; = 6p,01o, where 0, is defined by (11).
The intensity patterns of beams are proportional to
|G1(s|W)|? and |Ga(s|W)|? in single scattering and
double scattering cases, respectively. Also, the beam
intensities are proportional to |[W;|? = |G1(0]W)|? and
[Ws|? = |G2(0|W)|? in single scattering and double
scattering cases, respectively. We note that the beam
pattern generated by the single scattering may differ
from that by the double scattering. Since G, (s|W) is
a functional of g(z|W), we may control the beam pat-
terns by designing the apodisation function g(z|W).

From (15) and (10), the beam width A6 for the
mth diffraction order generated by the n-tuple scatter-
ing is given as

1
A — AS™
m ksinb,, s (36)

which well approximates the half-power beam angle for
Wi > A

5. Examples

Using the single and double scattering amplitudes, we
calculate the scattering cross section for several apodi-
sation functions. We consider the rectangular weight,
Hanning and Hamming windows as examples of apodi-
sation. For numerical calculations in what follows, we
set

0; = % L=25\, W;=50\ o=01\ (37)

5.1 Apodisation Functions

Let us consider the apodisation function

_ [ aitazcos (), x| < W/2
stalm) = { o WIS
ay +as = 1. (39)

From (38), (13) and (15), the width parameters and the
spectrum width AS(™ become

2
Wi=aW, W= ( 1+‘1—22>W, (40)
ASW = 27 (1 + ﬁ) (41)
w 2a%

2 a‘lL + 3a%a% + %a%

AS® — . (a% - %)2

(42)
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Fig.3 Scattering cross section o(6s|6;) calculated only by sin-
gle scattering amplitude. Rectangular weight. L = 2.5\, W; =
W = 20L = 50\, 0 = 0.1\ and 6; = 7/3, X\ being the wave-
length. The single scattering appears as the diffraction peaks at
0_1 = 95.7° and 6; = 154.2°. In case of the rectangular weight,
sidelobes are high in level and spread widely .

5.2 Rectangular Weight

When
ay = 17 a2 = 07 (43)
g(x|W) becomes the rectangular function:

9(@[W) = u(z[W) (44)

Here, the width W must be W = nL to make f(x)
be continuous at x = £W/2, where n is any positive
integer. By (12) and (44), one easily finds

_ _ ()
Wy =W, =G (0|W) = G2(0|W) =W, (46)
1) 9y 27
ASH = AS?) = W (47)

Only in case of the rectangular weight, W; and Wa are
equal to the physical width W.

Figure 3 shows the scattering cross section com-
puted by only the single scattering amplitude (31). The
mainlobes appear at scattering angles #; = 154.2° and
0_1 = 95.7°, where #_; and 6; are the —1st and 1st
order diffraction angles given by (11). Since the sin-
gle scattering amplitude A%)(s) is given by G1(s|W)
with the form sin(z)/x, sidelobes appear around a beam
peak in the angular distribution. The highest sidelobe
associated with a mainlobe is only —13 dB lower than
its mainlobe peak.

Figure 4 shows the scattering cross section using
the single scattering amplitude (31) and the double
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Fig.4 Scattering cross section o(0s]0;) calculated by single
and double scattering amplitudes. Rectangular weight. In ad-
dition to the single scattering peaks in Fig. 3, double scattering
appears as the diffraction peaks at §_o = 72.5° and 6y = 120.0°.
Due to destructive interference between sidelobes generated by
single and double scatterings, sidelobes are much reduced for
0s < 60°.

scattering amplitude (32). In addition to the single
scattering peaks, we see double scattering peaks at
f0_o = 72.5° and 6y = 120.00°, which correspond to
the —2nd and 0 diffraction orders, respectively. How-
ever, the 2nd order diffraction becomes invisible in case
of (37). We note that the third order perturbation gives
an additional peak at 8 = 0_3 = 45.57°, which does
not appear in our approximation up to the second or-
der perturbation. Sidelobes associated with the single
and double scattering peaks may interfere each other.
We see in Fig.4 a destructive interference takes place
for 65 < 60°. From (47), and (37), the beam width is
calculated as AQ(_ll) =1.2°, AGP =2.6° AG(_22) =1.2°
and Aeéz) =1.3°.

We have seen that the rectangular weight generates
a lot of sidelobes in the angular distribution of the scat-
tering. These sidelobe levels may be much reduced, if
one employs an appropriate weight instead of the rect-
angular weight. Such a weight is known as windows [9]
in the harmonic analysis, current distributions in the
antenna theory [10] and apodisation in optics [11].

5.3 Hanning Window

If we put
a1 = ag = 05, (48)

(38) becomes the Hanning Window. The scattering
cross section using the single scattering amplitude (31)
and the double scattering amplitude (32) is illustrated
in Fig. 5, where we put W = 100\ to make W; = 50\ by
(40). We see the single scattering beams at 6, = 154.2°
and #_; = 95.7° and the double scattering peaks at
0_o = 72.5° and 6y = 120.00°.
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Fig.5 Scattering cross section o(0s]0;) calculated by single
and double scattering amplitudes. Hanning window. W1 = 50,
W = 40L = 100X. Peaks at 6_1 = 95.7° and 67 = 154.2° are
the single scattering beams, of which sidelobes are much reduced
in level and fall off quickly. The double scattering appears at
0_o = 72.5° and 6y = 120.00°. Sidelobe distributions of a dou-
ble scattering beam are different from those of a single scatting
beam.

In case of the Hanning window, the sidelobes are
much reduced. The highest sidelobe associated with
a single scattering peak becomes —32dB down from
the peak. In case of a double scattering peak, how-
ever, the highest sidelobe level becomes —46 dB lower
than its peak level. We pointed out above that the
single scattering beam and the double scattering beam
may have different patterns of angular distributions.
This fact is clearly seen in Fig. 5, where sidelobe pat-
terns are entirely different in the single scattering and
double scattering cases. The sidelobes associated with
the double scattering fall off much faster than those
with the single scattering. However, such difference
does not appear in case of the rectangular weight with
|G1(s|W)|? = |G2(s|W)|?. In case of the Hanning win-
dow, the beam width becomes slightly narrower than
the rectangular case, because the corrugation width
W = 100X\ is much wider than W = 50\ in the rectan-
gular case. From (48), (41), (42), and (37), the beam

width may be calculated as Aa(}f =0.9°, Aﬂgl) =2.0°,
AB®) = 1.2° and AG = 1.3°.

5.4 Hamming Window

On the other hand, (38) becomes the Hamming Win-
dow [6] when

~1.08 ~0.92

ap = 2 ) a2 = 2 )
which are slightly different in numerical values from
(48). However, the angular distribution of o(6;]6;) be-
comes quite different as is illustrated in Fig.6, where
we put W = 92.59\ to make Wy = 50\ by (40). Again,
the single scattering peaks appear at 6; = 154.2°

(49)
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Fig.6 Scattering cross section o(0s]0;) calculated by single
and double scattering amplitudes. Hamming window. W7 = 50,
W = 92.59\. Peaks at 6_1 = 95.7° and 61 = 154.2° are the sin-
gle scattering beams, of which sidelobes are much reduced. The
double scattering appears at _g = 72.5° and 6y = 120.00°.

and 6_; = 95.7° and the double scattering peaks at
f_o = 72.5° and 0y = 120.00°. The highest sidelobe as-
sociated with a single scattering peak becomes —43 dB
lower than its peak. In case of a double scattering peak,
however, the highest sidelobe level is —49 dB down from
its peak value. Comparing Fig.6 with Figs.4 and 5
we see that sidelobe levels are relatively low in case of
the Hamming window but the sidelobes fall off slowly,
compared with the Hanning case. The beam width be-

comes Ae(jl) = 0.8°, AQEU = 1.9°, A9£22) = 1.2° and
AP =1.3°.

6. Conclusions

We have studied the wave scattering by an apodised
sinusoidal surface. By use of the method of periodic
Fourier transform and the small perturbation method,
we obtain the single and double scattering amplitudes.
Then, it is found that the beam shape generated by the
single scattering is proportional to the Fourier spectrum
of the apodisation function but that generated by the
double scattering is proportional to the spectrum of the
squared value of apodisation. Thus, the beam shape by
the single scattering is different from that by the dou-
ble scatting. We have demonstrated that the sidelobes
are much reduced in level and in angular distribution
by use of an apodisation function such as the Hanning
window and Hamming window. This fact may be use-
ful for designing devices using finite periodic structures
such as diffraction gratings, leaky wave antenna and
waveguide couplers.

However, our discussions are limited to a case
where a TE plane wave is incident and the surface cor-
rugation is sufficiently small in height. However, we
note that our formulation can be immediately applied
to TM wave case and the wave scattering from a dielec-
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tric wave guide with an apodised periodic corrugation.
It is still open question to find out an efficient method
solving the integral Eq. (25) for a very rough case. It
seems interesting to determine A,,(s) in the extended
Floquet form by the Yasuura mode-matching method
[12]. However, these problems are left for future study.
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Appendix: Periodic Fourier Transformation
This appendix summarizes properties of the periodic
Fourier transform. See reference [8] for details.
We define the periodic Fourier transform of a func-
tion f(x) by
o0
F(x,s) =e"™ Z el f(x +mL),

m=—0oQ

(A1)

where the spectrum F'(z, s) becomes a periodic function

of = with the period L,
F(x+mL,s) = F(x,s). (A-2)

From (A-1), we formally find the inverse transform as
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1 [/ o

f(x) F(x,s)e "%ds, ki, = T (A-3)

B E —n/L
For simplicity, we will denote the relation between the
periodic Fourier transform and its inverse by the sym-
bol: f(x) < F(z,s).

modulation If f(z) <= F(z,s), then

f(z)e'” «—= F(z,s+ q). (A-4)

product of weighting function and periodic func-
tion Let w(z) and f,(x) be a weighting function and
a periodic function with f,(z) = f,(x+L), respectively.
If we write

w(z) <= Fy(z,s), (A-5)

then, a product f,(z)w(zx) is transformed into a prod-
uct of the periodic function and the periodic Fourier
transform of the weighting function

fo(@)w(z) <= fp(x)Fu(, s),

which means that a periodic factor is invariant under
the periodic Fourier transform. This is an important
property of the periodic Fourier transform.

relation with Fourier spectrum Let F‘(s) be the
Fourier spectrum of f(z),

(A-6)

1 > —i8T T
flx) = o /_OO e T F(s)ds. (A7)
The spectrum F(z, s) is related with F'(s) as
1 & ) .
Flz,5) =+ m;oo eTMRLT B (s 4 mkp). (A-8)
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