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Abstract

The concept of behavior spaces introduced by Shiba plays an important role of systematic
investigation of abelian differentials on an open Riemann surface. A behavior space consists
of holomorphic differentials which satisfy a certain period condition and boundary behavior.
For a Riemann surface of infinite genus, the existence of behavior spaces with a general period
condition is not guaranteed. For the sake of this thesis we consider a sequence of behavior spaces
and the convergence. The result is a steppingstone to the thesis.

Key Words: Riemann surface; harmonic differentials; period conditions; behavior spaces.

1. Introduction

Let A = A(R) be a real Hilbert space which consists of square integrable complex differentials on a
'Riemann surface R. Its inner product is given as follows:

<w,0 >= Realpartof//w/\ *o = R(w,0),
R

where & is the complex conjugate differential of o, *& is the conjugate differential of 5, (w, o) denotes the
integral itself of above second expression which means the complex inner product and R(w, o) means its
real part. We use the following subspaces.

Ap ={X € A: Xisharmonic},
Aeo = {X € A : Xis orthogonal to A, and a closed differential},
Apse = {) € Ay : f,y A = 0 for any dividing cycle v},

Ape = {/\ € Ap: Ais exact}, Apo = *A,Jl“e, Apm = *Aik-

hse’

where A)J(- is the orthogonal complement of A, in Ay and *Ay = { *w:w € A, }.
For z € C we put zA, = {zw : w € Ay }. Then (2A,)1 = zA5.
Note the following orthogonal decompositions:

Ah = Ahe @ *Aho = Ahse @ *Ahm = *Ahe S Aho = >'(Ahse 5> Ahm‘

Let
Iy = {/\ € Ay Ais real}, Thse = Th N Apse,
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Che = 'nnN Ahea Lho = *Ffz_e’ Chm = *FIJ{sev

where T is the orthogonal complement of T'y in T'y and *T'y = { *w;w € ['y}.

Let {R,,} be a canonical exhaustion of R, and {A;, B;j} be canonical homology basis of Ahlfors type
associated to {Rp, }, i.e., Bj crosses A; from left to right, and furthermore, whose restriction to (Rp41 —
R,,) is the canonical homology basis of (Rm+1 — Rm) with mod O(Rm+1 — Rm). Let g(< 00) be the
genus of R. We classify the set of numbers J = {1,2, ..., ¢} (J is the all natural numbers N if g = oo) to k
classes {J;}(k < o0),ie.J = U Ji, JinJ; = 0 fori # j. Let L = {L;} be a family of lines in the
complex plane, on which zero lies. Assume that L; = Ly if j, k € J;. A subspace A, = A, (J, L) of Ay is
called a behavior space associated to J, L if

Ay =1 *At C Closure of {Ane + Ano},

2)/ )\eLi,/ A€ L;, forjeldi, A€ A,.
Aj B;

Our subject is the existence of such a behavior space for arbitrary given L = {L;}.

2. Canonical behavior spaces

At first we introduce a typical behavior space which is called a canonical behavior space. We consider the
following subspaces of Ay, :

Sm(L) = {Z(ajeioja,qj + bjewfagj) ;aj,b; €R, e e L;, Aj, Bj C Rp},
A = A (L) = Closure of {The @ i(The N Tho) 4+ Sm(L)}

S™ = {D (ajoa; +bjos,) ;a5,b; € R, Aj, Bj C (R— Rm)},

Acm = Aem(L) = Closure of {The ® i(The NTho) + Sm(L) + iS™},

where R denotes the real numbers, o, € I'y, is the period reproducing differential of a closed curve v C R,
i.e.,

[r)\ = (A, Yoy).

LetJ/' = J;N{j: Aj C Rm},Jmoo = {J; A5 C (R — Ri)}, and Ly be the imaginary axis. Set
J"n = Uf=1J,"" UJmeo, L™ = {LiaLmoo;Jgn # @}

Proposition 2.1. A., is a behavior space associated to J™, L™,

Proof. Since I'pe and Sy, (L) are orthogonal to *(T'no + Spm(L) + S™) and *S™ respectively, Acp is
orthogonal to 7 *A.,,. We set

Aem = {\ € Closure of {The + Tho} + iTho ;/ /\,/ A€ Ly, forjelJi, Aj, Bj C Ry,
Aj B;

/ )\7/ /\eLmom forjEJmOO7 AJ7 BJCR_R’m}y
A JBj
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and note that
Aemn + @ *Aem = Closure of {The + *(The NTho) + *S™ + Sin(L)

+i( "The + (Che NTho) + S™) + i *Sp (L) }.
The following is well known.

Lemma 2.1. For C!-differentials w € Apge + Aeo, 0 € Ap + Aeo
<w, "o >= lim R[ Z (/ w/ 6—/ w/ 5)—/ wal,
k—oo A;Ber, VA /B B; JA; ARy

where w is a function on Ry, — U(A; U By) satisfying w = dw.
Forw,o € Acm

<w,i*o >= lim R[- Z z(/ w/ 5—/ w/ 5)—{-2’/ wa)
k—oo A; JB; B; JA; ORy,

Aj,BjGRk
k—o00

= lim - %w%&—/ Swa,
SRy IRy

where S denotes the imaginary part of x. Since Rw and R& are exact on R — Ry, there are C*°-functions

w, and § on R, which satisfy

w=3§=00nRp, di=Rw, ds=Rdon R — Ry,4;.

Hence
lim — RwSs = lim —/ wSe =< dw, 1 *o >= 0,
k—o0 ORy k—oo ORy
lim — SwRe =< —iw, *d§ >=0,
k—oo ARy
and

<w,i*0c>=0, AgnLi*Agm.

It is clear that A, C [Xcm, so if w is orthogonal to i * Ay, then

ER(—ie'wJ’/ w) =< w, et *o45 >=0.

Aj

It follows that fA,- w € Lj and similarly fBj w € Lj. The w is~ also onhogonal to *(T'pe NTho) and @ *Tpe,
hence w € Closure of{ The + Tho } + iTho. We have w € Agm, ice., i *AL, C Agp, and i *Af:m C Aem.-
Therefore we get

i*AL, C Aem Ci*AL, C A Ci*AL

Aem =i *AL, = A = i *AL,.
This shows that A, is a behavior space, which we call the canonical behavior space. g

When a Riemann surface R belongs to the class O” (cf.[K1]), we know

lim wa = 0, for C'-differentials w = dw € Apse + Aeoy 0 € Ap + Aco.
k—o0 ARy
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Then we have a general Riemann’s period relation
<w,*a>—klim 9?(/ /cr—/ w/ )
A,,B eRr, J4i JB; Bj JA;

The following space
Acy = {) € Closure of {The + Tho} + ilho ;/ ,\,/ xe Li, forjels)
Aj Bj

becomes a behavior space. Because Ac_] C *ACLJ and 1 *A,J;J C A,y are shown in a similar way mentioned
above.

3. Convergence of a sequence of differentials

We will use three types of convergence in Ap. For a sequence {\, € A}52,, we denote
(i) the norm convergence by

slim A, = A, ie, hrn [|[Adn — Al =0,

n—oo

(ii) the weak convergence by

wlim A\, = A, ie, lim < A\p,w >=< A\,w > foreachw € Ay,
n—00

n—oo

and (iii) the uniformly bounded convergence on every compact set by

i =, ie, (@) lim ||\ — - ,
BWJBI;rBOOAJ A, ie (a)Ja;rEw|| j — Al|r,, = O forevery Ry,

and (b) there exists a constant M such that ||\;|| < M for every j € J, where J is a subset of N.
We know

Lemma 3.1. When a sequence {\n} C Ay is uniformly bounded, i.e., |\n|| < M for any n, there

exists a subsequence J = {n;} so that {\n,} is uniformly convergent on every compact set, i.e.,

{On € AR, [IA]] <M =23 J C Nsit. BWJhm Aj = w.
3j—00
Proof. Take a family of local disks V; = V/(a;) center at a;, which covers R, i.e., Un(m) Vi D Rp,.
Since ||An||v; < M, there exist a harmonic function hy; on Vj such that hyi(a;) = 0, A\, = dhp;. We can
choose a subsequence J(1) C N such that BW- lim dhj; = dh! on V;. In such a way we can choose

1)3]—>oo
J(i) C J(i — 1) such that B}\(’ )hm dhj; = dh' on V;. Hence there is a harmonic differential w,, on R,
1)3)—00
such that i
BW- lim dhj;i = wmon Ry, NV,

J(n(m))3j—o0

Put J = {jmm }52_,, where J(n(k)) = {jke}e=1,2.... Then there is a harmonic differential w = wy, on Ry,

such that Bw-lim A; =won R, w = wy, on Ry, O
J3j—00
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Lemma 3.2. Let {\;} C Ap, satisfy lim ||Aj|| = . Ifsw-lim Aj = A, then [|A]| < a.
j—00 j—00

Proof. Since ||A||r,, = lim ||Ajl|r,, < @, wehave ||||r < o O
j—00
Lemma 3.3. Let sw.lim \; = A, lim ||Aj]| = [|A[|. Then s-lim A; = A
j—o0 j—o00 j—o0

Proof. For any € > 0, there exists m such that

AR = ARy, = (MR- R <&

Then
Tim ||\ [%— g, = Im ([I\l1R = IN]R) = AR - MR, <e,
j—oo j—oo
Tim |2 — A2 = Tim (||X; — All%, + 1125 = MR-r,.)
j—o00 j—o0
< Tm (||\]lr-rp + |[M|R-R.)? < 4e.
j—oo
Therefore lim ||A; — M2 =0. a
j—oo

Lemma 3.4. Let {\,}, {on} C Ay and they satisfy Bw;llingo A = A\, s-lim o, = 0. Then

n—oo

lim < Ap,op>=< A\, 0 >.

n—oo

Proof. When ||A;|| < K, we have

lim | < Ap,on>— <A o>|=lim | <Ayon—0>4+ <Ay — X0 >

n—oo n—oo

= lim {[Mnllllon —oll + 1 < An = A0 >pp [+ < An = A0 >r-R, [}
< lim [[An = M|r-Rnllol|R-Rm < 2K]l0]|R-Rrn-

Hence
lim | < A, 0 >—< A, 0> |=0. g

n—oo

Lemma 3.5. Let {\n} C Ap with supn||Mn|| £ M < o0. If A\j = Xforany J C N so that

BWlim Aj = Ay, then BW-lim X\, = A.
J3j—00 n—oo
Proof. If A, do not converge to A bounded weakly, there exists R, such that lim,_,||A\n — A||r,, =
a(m) > 0. Then there is J such that lim j5;c0 ||Aj — A||R,, = a(m). By Lemma 3.1, there exists K C J
such that Bw-lim Ap = Ag. Then Ag = A. On the other hand

K>k—o0

0= _TIim ||\ — AR, = a(m).

K>k—oo

This is a contradiction. O
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4. General behavior spaces

A subspace A, of Ay is said to be a general behavior space if the orthogonal complement of Ay in A, is
i *A. For a sequence of general behavior spaces {A,} we consider the following subspaces:
As={ e Ay: I, €A, sit. s-lim A = A},
A ={N€An: AT CN, \j € Ajsit.Bwlim ;= A},
¢l J3j—00

A;nu = {Z CiAii A E Abw;ci S R},
i=1

Apy = Closure of (A},,).

Proposition 4.1.
Apy @1 *As = Ay

Proof. For A € Apy, 0 € Ag, by definition, there exist J and A\; € A; such that Bw-lim \; = X, and

J3j—00
on € Ay suchthat s-lim o, = 0. By Lemma 3.4
n—o0

<Ai*o>= lim < )\ji*o; >=0.
J3j—00

Hence Ay, is orthogonal to i *A;. Therefore ]\fnw

For 0 € Ap with < 0,i*\ >= 0 (A € Apy), we can take differentials o,,7, € A, such that
On +1*m, = 0. Then ||op||? + ||i *7||? = ||o||?. For any subsequence J which satisfy B\}'-lim oj =0y,
3)—00

we get Bv]-lim 7j =1"(0 —0y) € Apy. Hence 0 — oy € i *Apy, and < 0, 0 — 0y >= 0. By Lemma 3.2,
3)—00

llos1? < [lo|f?, and

Apy, are also orthogonal to 7 *As. We get A,;Lw Di*As.

loll* =< 0,05 >< |lollllosll < llo]?, ie. [los]| = llo]]-

We have
loll? = llosll? = llog — o + ol* = llos — o> + ||o]* < [|o||.

Hence ||o; — o|| = 0, and 0y = 0. By Lemma 3.5 we get BW-lim o, = o. It follows that
n—oo

lloll 2 lim [jon|| 2 lim |joy|| > lim |log||z,, = |lo||R,,.-
n—oo n—0o0 n—oo
This shows that lim ||o,|| = ||o]|, and lim o, = o € Ag. It leads to
n—oo n—0o0
i *A, C A, ie., Ay, Ci*Ag, and Ay, = i *A,. 0
Corollary 4.1.

A =AsDi*As ® Apyy N1 *Apyy.

Proof. As C Apy, and (As @ i *Ag)t = AL Ni*AL = Apy i *Apw- a
Here we explain the following two examples. Take an orthonormal basis {¢n}n=12. of a general
behavior space Ay.

Example 1.
A subspace A; expanded by i *; and {¢n }n—23.. becomes a general behavior space clearly. Let Ag,_; =
Ay, Agn = Al and consider the sequence {A,} of general behavior spaces. The Ay, for this {A,} is
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the subspace expanded by i *¢; and {@n}n=1,2.. Then A; is the subspace expanded by {¢n}n=23.. and
Apw )2 *Ablw = {ayp; + bi *p1;0,b € R}

Example 2.
Let A}, be the subspace expanded by i *¢m and {0k} estms €t Aon—1m = Ay, Aopm = A},,. The
sequence {A,} of general behavior spaces is taken as follows:

Ay =A1g, Ao =Aio, A3 =Ag1, Ay =A37, As = Agp, ...

For this sequence {A,}, A; = {0} and Apy = Ap.

5. Decomposition sequences of a holomorphic differential

For a non zero holomorphic differential (€ A,), there exist two differentials A, (= Ay (p)), pn in a general
behavior space A, such that ¢ = Ay, + 1 *py,. Since ¢ = i *p, we have ¢ = 1 *A, + pup and Ay, = py.
Therefore
. % 2 1 112
P =X+ A0, [ A" = EH‘P” .

Set
An(p) = {w € Ap i< w, Ay >=0}.

Lemma 5.1. For m > n, there exist amn = amn(p) € R, it = pi*(p) € An(p), and p* = p" (p) €
A (@) such that
‘ Am = @mnAn + (1 = amn)i *Ap + Nzl -1 *lf'nm,

An = GmnAdm + (1 — ama)i " A + ;_L"m —1 *E:‘n,

where 4 a )
a —a
II? P2 = TR

Hem 117 = 1lpr, 3

Proof. For m > n we have the orthogonal decbmpositions of A, An as follows:
An = G Am + byt Am + E"m +i*on,

Where amn, bmn, Qnmv Qnm e R7 I"an1 J;,ln e An(SO)y H:ln) Q% e Am(SO)

Since .
O=M+i A =An+1 A
= (amn + bmn)(An +17An) + (7' + 07") +1 (7' + o7)
= (@nm + bam) (Am + @ "Am) + (Hnm +om) +i *(H_:; +om),
we get
amn + bmn = Gpm + by = 1, unm+UrT:Hnm+Qnm:0'
From

1
< Amy dn >= [ Anll® = @Al (12| = sllell® = 11ml?,
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we have amn = @y, It follows that
Am = GmnAn + (1 - amn)i *An + ,U:nn,l —1 */anm,
M = @mndm + (1 = @mn)i *Am + E"m —1 *EZ,
Amll? = {lamn|® + (1 = amn)*HIAn| I + 2[u71%,

[1Anl1? = {lamnl? + (1 = amn)?}H|Aml? + 2||Enm||2’

mn 1_ mn
M2 = [ 12 = §(0L = 1+ 2o — 202, lp]]? = mllzomnd |2 O
Now a subsequence J of natural number N is said to be admissible for  if it satisfies B\}/-lim Aj = AJ.
3j—00
Then, forj € J
1
< Aj An >= ajnlDnl* = Sajnllell?,

hence by lemma 3.4

. . |l
< AJy Ap >= JBI}I—I}oo < /\j, Ap >= Jal;'llloo Qjn 5
Here we set 5
= = i in = ——s A .
ajn aJn(SD) JB}IBwajn ||(P||2 < AgAn >
By Lemma 3.4
2
MIP=<Ans>= lim <Ann>= 120wy o
” J” < AJ, AT > JB_’I]’EOO< J ]> Ja;.r_raooajj
And we set 9
ay=as(p)= lim aj;=———|\|>
135029 = T !
Note that
A=Ay =am=ay,,aj=ay.
Next,
BW- lim_(up =i 7p7) = BW- lim {}; = ajndn = (1 = ajn)i "An}
= AJ — QjpAn — (1 - aJn)'i *)\n,
and we set
Bw. lim (uf — i *ul) = .

J3j—00

We set 17 = BW- 3l;r_n>c>o £, then

[1,5 = BW- lim ()\J —an/\j —(1 —(I,Jj)i */\j) = (1—aJ)(/\J—i*/\J).

" I3j—00
Similarly
Bw- lim (i} —i"u7) = 8w Hm {An = ajnd; — (1 - ajn)i "X}
=M —amAs — (L —asm)i"Aj,
we set
o 54 = 15 €
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where Az (C A) consists of anti-holomorphic differentials. Now for any K C J such that Bw-lim  p* =

K3k—o0
,un , we have

~J k cx ok K . K
fin =Wl (pn — i) = . — 0 iy

On the other hand, /] satisfies
) = 0ng 41 Ty, Ong, Ty € An(p).
We have X = 0,5 € Ap(p). By Lemma 3.5, we denote the limit B\}/-Bljim 1, by . It follows that
pl = ons € An(p), i) = p) — i *p. Similarly there exists K C J such that Bv}v@lugoo By = W, we
have 07 = pf — i *pl.
These are put in order as follows:

A= amAn + (1= agm)i “n + fiy,

An = agpAg + (1L —agn)i *Ay + 27,

i *As = agni *An + (1 — agn)An +i *Ad,

AJ i Ay = A 40 A = 0,

Ay —i*Ay = (200 — 1)(An — i *An) + 2(p) — i "),

A=A = (2agn — 1)(Ay — i *Ag) + 200 — i ).

Lemma 5.2.

2y lol”

= .

Hﬂn (ay +2a5,—1~— 2aJn )

Proof. From the representation of A, we have

2
¥ .
I = (asml? + (1~ a2 41 2
By definition of a,
2
||)\J||2 =(1_]||(’0|| .

2
Hence

2 _ 2 H‘PH2
a2 = (ag + 2a0m — 1 — 2a75,%) 5

Proposition S.1.

(2) <Api*Ag>=(1- aJ)HSI;H :

(3) 1A ="M\ = (2as — Dllel*.

Proof. (1) By Lemma 5.2

2aJ2—3aJ+1=J11m (2an2—aJ—2an+1)=—

1 2112 < 0.
P Tl g2320 1517
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Hence .
(2a5 —1)(ay —1) <0, 3 <ay<l1.
(2) It follows that '
<Az, i*Ay>= lim < AJ, 1 /\j >
J3j—o00
= Jahm <agjAj+ (1 an)'i *)\j + /.1:7], 1 *)\j >
]—)
= lim < (1—-ay)i*), 1"\ >=(1 —aJ)“SOHQ.
J3j—00 J 7 J 2
(3) It follows that
||/\J —i*)\J||2 =< /\J—i*/\J, )\J—i*)\J >
=Ml =2 <i*xg, Ag > +]li*Agl? = (225 — 1)]lo])2. g

Corollary 5.1. The following three conditions are equivalent

(1) as(p) = 5 = @) As(0) = i Aalp) <= (3) M) = 2.

These equivalent conditions shows that the  belongs t0 Apy, ()i *Apy,.

Conversely, for ¢ € Ay, N *Apw » let @ = Ap 4 i *An, An € An. When J is admissible for p, We can
take {o;} which converges to ¢ bounded weakly. We may assume that Aj converge to A; bounded weakly.
For any w € Ap, we have

<pw>= lim <ojw>= lim <A+i*Aw>= lim <l,w+i’w>

J3j—00 J3j—00 J3j—00
=< Ajw+iTw>=< Ay +1i A5 w > .

We get o = Ay 41 *Aj.
Lemma 5.3.

A 1
15112 = {(2as = 3)asm® - (2a; — 3)asm + 5lar - D}l

Proof. By the representation of \,, we have

B2 = 11An — aunAs — (1 = agn)i *Ag)|1?
= [Aall® + a1 + (1 = agn)?l]i *Ag)2

—2ajp < Ap, AJ > +2aJn(1 - aJn) <ALt A7 > —2(1 — aJn) < Ap,i*Ay >

2
”502“ {1 +an a'J +(1- a'.]n) aj — 2aJ'rz +2am(1—am)(1- aj)—2(1- aJn)2}
||50||2 2 ,
{(4ajn 4aJn+1)aJ—6aJn + 6aj, — 1}. ]

Next let
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X (p) = {ay(yp) : J is admissible for ¢},
A(J) = { accumulation points of {ajn(¥)}n},
X(p) = U{A(J) : J is admissible for ¢}.

Theorem 5.1. The following three conditions are equivalent
(1) X(p) = {1} <= (2) p € As + i *As <= (3) there exists S-nli_’rglo An(p).
Proof. For a subsequence J admissible for ¢ we have
A7 = An = (agn — 1D)(An— i "An) + 4] — i .
(1) = From nlLr%o ajn, = 1, we have

2
el _ o

Jim |lp]|? = lim (ag + 20 = 1= 2a5n%) =

Hence
Lim [[Ag = Anll =0, Ay €As, andp = X;+i"As € A +i"As.

(2) = By the representation ¢ = o + i *7 (*'o, T € A,), we have

<o, i*r>=0,p=i1"p=74+1i%0, "o=T.

Then take a sequence o, € A, such that s-lim o, = o, we have
n—oo

O=/\'n—a+i*(/\n—a)=/\n—Jn+i*()\n—an)+.(an—a)+i*(an—a).

Hence
(M —0on) +i*(Ap —0on) = —{(on —0) + i "(on — 0)}.

It follows that
[ An — Un||2 < 2|lon — 0'||27
and
[[An — )‘m” < [An = Un” + HUm = Amll + llon — oml|
< V2(llon — ol + llom — ol]) + llon — omll.

Therefore )\, is a Cauchy sequence and there exists s-lim Ap.
n—oQ

(3) = By the representation of Ay — i *A; we have
A=A+ 7= M) =2(asm — DA — i *An) + 247,
4[|x; — )\n“? > 4(ayn — 1)2“90”2 +2(as+2a,—1- 2(1J112)||‘P’||2 > 0.

Sincenli_)nrolo IAs = Anl|? =0, we getnllrrgoaJn =1, a5=1, X(p) = {1}.

41
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Theorem 5.2 The following three conditions are equivalent

1 1
(1) X(p) = {5} = (2) Bw-nllngo An(p) = g < (3) ayn = 3 for J admissible for .
Proof.
1
M= ay(p) = 5, then by Corollary 5.1 Ay = - ? . From Lemma 3. 5,
BW-lim A, (p) = ; And for J admissible for ¢ we have
n—oo
' - - An — 1 %A
/\J_/\'nzg_/\n:(a}n_l)(/\n_z )‘n)+:u'r{_z ﬂi=—$’

1 - s
(aJn_g)(/\n_l An)"':“‘i"’ H;{:O-

It follows that a j, = %, wl=i*ul.

(2) = For any J admissible for ¢, we have A\; = g and aj, = %

1 1 1
QB) = ajp = §,henceaJ = iandX(cp) = {5}

a

Forp € Ag,let Ay =apAn+ (1 —aym)i *An + uﬂ —1 *,u,Jl, and take a subsequence K C J such that

Bw- lim uf = uik.
Koo B = Pk
Proposition 5.2,

phe — 1wl = (1 - ax) Ak — i *Ax).
We have a representation

(1 — aJ)(2aJn - 1)

pic = Anpin + (An = 2(1 = ap))i "y + 5 (A =i %2n) + 07 +i "0k,
and
k| = ”“0” H-(Bas—1-20,%) lim A4,
K3k—o0
Proof.
A —i* A= (2am = 1)(An — M) +2(u] — i *p))
= (2ax — 1)(Ax =i *Ak) + 2(pk — i "pk) = Ak — i Ak
Hence,
(1—ak)(Ak —i"Ak) = (uk — i *pk).

Further set

pk = Anptyy + Bni *tyy + Codn + Dpi *M + 0K + i 7]

where 1) € An(p), off, 75 € (i, J)(the orthogonal complement of {1} in A, (¢)). Then

/.LJK —1 *,u,;( = Bw}{al%crgoo{)\‘] — Ak — (agk — 1)(Ae — 1 *Xk)}
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=1 =a)As—i"As) = (1= ay)(2asm — 1)(An — ") +2(1 — ag)(uy — i *p)
= (An — Bn)(ﬂv‘{ — i *#TJ;) +(Cn = Dp)(An =i ™M) + (‘71}1{ - 7'7{{) +1 *(7}{( - ‘77{()'
Hence we have

An—Bp=2(1-ay), Co—Dp=(1-ay)(2as, 1), oX —7K =0.

From
J _ : J — : J - * —
< W, p>= Kal;crgoo < Wi, © > Kalggoo < Hig, Ak +1 A >=0,
we have .
0 =< uk, M +1*Ap >= (Cn + Dp)||An]|%
It follows that D, = —C,,. From the representation
. l1—ay)2ay, —1 . ,
pi = Anpl + (An —2(1 — ay))i *pl + ( J)(z Jn )(/\n —i*M) + oK 4i*o X

we have
J . J o J . Ji2
Iugll® = Bm <y pge >= lim Al
. 2 ||<»0”2
= l}cm Ar(ay +2a5, — 1 — 2a 4 )T

K>k—o0

= M(30J —-1- 20]2) _lim Ag.
4 K>k—o0

Corollary 5.2. If% <aj<1thenl < Ag+ay < %

1
Proof. If ay # 3 1, by

. — 4| ?
A = 1 A =
K= kokooo F T (205 = 1)(ay — D]l
and
1
k|12 = {|4n]? + |4n — 201 — ag) )2} || + Z(l —a7)?(2am — 1)2 2|\ ? + 2/|0 K2,
we have
. 1 el PN
Jim o 11? = s Bay—1-2a,7) Ak

|2

—t

_(2AK2 - 4(1 — CLJ)AK + 4(]_ — aJ)2)(3aJ —1= 2G.J2) ”ﬂ' 7

Put in order

0<  lim |jog
K3k— o0

2
= %(2@,2 —3a; + 1){24x% + (4a; — 5)Ax + 4(1 — as)? — (2a,® — 3ay + 1)}

43

- 2(1=a5)*(2a; - 1) |l?}.
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) .
= —HS‘;H (QaJ2 —3ay+ 1)(214](2 + (day — 5)Ax + 2QJQ —5ay +3)

|<P||2(2 a1 B B
aj aj )(2AK+2GJ 3)(AK+(LJ 1).

8
Therefore if% <aj<l,thenl < Ax +ay < % O
Let Ay —t*Ay=v,+1 *u,'l, Vn, U;L € Ap. Since Ay —1*A; = —1 *vy — 1/;1, we have v, = —v;l.
Hence
Ay =i Ay =vn —i"vn, (vl < 2|
From

A =i A= 200 — 1)(On — i *A) + 201 —i*p)) = vp — i vy,

it follows that :
2 2 |l ? T2 |l
[nl? = (2a0n = 1?22 + 4lldl? = 20y - DIEL,

6. A sequence of canonical behavior spaces

We denote by Acs, Acpy the spaces Ag, Ay, associated with a sequence of canonical behavior spaces
{Aem} . LetA,, ={X € An AN, € A, such that s-lim A, = A}. Then we have

n—oo

AchA_C3CACSCAwa3 AchAchAcbwv
1 1 1 _ L1
AL DAL DAL DAL, AL DAL =i A0 DAL,

AL Ni*AL c AL Ni*AL,.

Since a differential w € AL Ni *AZ is orthogonal to ie'% *o 4, ie%i *op,, the periods of w along A;, B;
lie on L;. Further i *w, w+1 *w, w—1 *w belong to Aé—s Nt *Aé—s. Since Ape NApo C Ags, *ApeN *Apo C
1 *Acs, we have

AL Ni*AL C Closure of { Ape + Ano} N Closure of { *Ape + *Ano} -

Here take an orthonormal basis {gok}szl of the subspace which consists of holomorphic differentials in

A% Ni*AZ and an orthonormal basis {1, }Y", of the subspace which consists of anti-holomorphic differ-

entials in AL N i *AZ. Note that
<k + P, i " (0r + k) >=< @k + Yi, ok — Y >=0,
< Pk + Yk, o + Yo >=< Pk + Yk, 0o — e >=0 (k# £).
Let N” be the small one of N and N'. We denote by A; the subspace spanned by {y, + ¢k}kN="1, by A, the

subspace spanned by{pr — ¥k }sz”1 and by A3 the subspace spanned by remained differentials. We have

Ai; N1 *Ai“s =A ® Ay ® A3 C Closure of {Ape + Ano}, and i *A; = As.
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The periods of a differential in A; along A;, Bj lie on L;. It follows

Theorem 6.1. When A3 is empty, Ay = Acs + Ay satisfies

(1A= *Ai C Closure of {Ane + Ano},

(2)/ A€ L;, XNE Ly, forjeld;, A€ A,.
Aj j

B;j

Hence A¢s + A, is a behavior space for {L;}.

Hereafter we assume that A3 is non empty and consists of holomorphic differentials, and check up on

the differentials in AL, Ni *AL N A,. Forap € AL Ni*AL N A, , consider the orthogonal decomposition

©=An+1 A, An € Acn.
Lemma 6.1.
(1) An € Az,
2) Form >n, Ap = apm — @ *anm + B + 1 Y%,
where anm € Aem, By Y2 € Aem N AL, And
Qnm + :817:7, = GmnAm +_,l_/f_:ln, —Qnpm + ’)’;’:1 = (1 - amn))\m — l—j'nm’ IBTT;L +')’17—,ll = Am-
Proof. ) An = ¢ —i*An € AL +i*Ae C AL,
() Itisclear A, C A, and AL, = AL, + Ao N AL, bY Aem D Agny Aem = Ay + AL, N Aem.

Hence
Ah:Acm+A-éLmnAcm+i*Acm+i*Aimni*Acm~

We can put
)‘n = a’nm + 7/ *a;q,m + ,817:1 + 7‘ *717:1) anma a'ln,m E Acm; rrrlv 717:1 e Ac’m ﬂAi;w

Then
@ =An +1 " An = (Qnm + O) + 1 " (Qnm + Q) + (B + 7)) + 1 %87, + 1)-

Since p € AL C AL, we get anm + o, = 0. From ¢ = Ap, + 1 * A, we get B2 + % = A\,. We have
An = @mnAm + (1 — amn)i *Am + E::i‘ —1 *H"m = opm — 1 Yanm + B, + 1 0,

Now ||anml| < [l 1811 < llell, [l < llel]. Hence, by Lemma 3.1, there exists

J C N such that BW-lim ap; = any, BW-lim  G7 = %, Bw-lim A7 =47
J3j—00 ™ e Jaj—vooﬂj 'BJ’ JBj—»oo’yJ v

3 P i n ) — m n = .
Then B\A}-Bl;riloo Aj BVYIBI;ILIOO([?J +7) = B7+75 = As. And

A = Ony — i *ng + B + i 7. ' 0
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Lemma 6.2.

any € Aesy B, A3 € AL Ni*AL.

Proof. Since anj € A; C Ay, foro € qu by Lemma 3.4 we have

<opjo>= lim <apj,0>=0.
J2j—00

Hence oy € A, Foro € A, + @ *Ags, take 0y € ch, 095 € A¢jsuchthats- lim oy + 1 “og; = 0.
EY

J3j—00

Noting that 87, 77 € i *Aj N Az, by Lemma 3.4

< B%,0>= Jal}r—r»loo < ,3?,01]‘ +1 *O'Qj >=0.
Hence 57 € AL Ni*AX. Similarly 4% € AL N *AZ. 0

Lemma 6.3.

QnJ = opm + 0m + 1 *nma OmsNm € Aem nA&I:sa

slim 6, = s-lim 7, =0.
m—00 m—00

Proof. For apy € As, by A, C Aes = A, @ A;Lm N A¢s take the orthogonal decomposition

Oy = oy + AL ol € A, AL € AL N A,

For a representation

we have
i*anmEi*AcmCi*AcmZAémeAém)
i *0ny €1 *Aes N *Agpy = 1 *Aes NAL C AL,
B € Aem N Az C A, B € Mgy Ni*AG C Ay,
P € i A Ni*AL = AL Ni*AL C AL, i*y ei*ALNAL c AL,
Hence o), = anm. For the orthogonal decomposition of A, € A;Lm NAg:
A;-n = 0m + 1 "N, Om,s Mm € Aem,

from i *nm € i *Aem = AL, C AL, wehave §,, = AL, — i *n € AL N Agn.
Since
Al = oy — 0nm € Ay = 1 *AL,, i*AL € AL C AL,
we have
N =1 A —i*6m € AL N Aem.
By Lemma 3.2

. 2 : 2 2
- ;s = > ] > .
BW. lim i = any, and flons |7 2 lim_ flans{[” 2 [lans|]
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Hence by Lemma 3.3 s- lim oy, = oy It follows that

J3j—o0
s- lim §; =s-lim n; =0.
J3j—o0 J J3j—00 M
A, are monotonically increased and the norms ||o,m|| are monotonically increased. As a result
s-lim 6, = s-lim 7, = 0. ad
m—0oQ0 m—00

Proposition 6.1.

(1) FneN st apy=0= =0,

2 neN st.ajp=1= ¢=0.

Proof. (1) Let Ay, = B2 + i *y% € AL Ni*AL +i* AL N AL c AL ni*AL.

For eioy;, €%iop, € Apy C A

%(—ie‘ief/ An) =< An, i€ *O’Aj >=0,

Aj

%(—ie—wﬁ/ An) =< A, 169 *aBj >=0.
B;
Hence fAJ_ Ans fBj An € Lj N Lpes = {0} forAj, B; C R — R,. Take a differential ¢ € S,(L) such that
An — 0 € Ap.. We have

M — 0 € Ape N {Closure of { The + Tho} +iCho} = The + i(The N Tho)-

Then
An € Closure Of{(Fhe + Fho) + i(Phe N Fho) + Sn(L)} = Acm

by Lemma 6.1 A, = 0, and ¢ = 0.
Q) Let Ay = agpin + (1 — ayn)i *An + fi]. By Lemma 3.1 and Lemma 5.1 we have

%ol — Gin) )2 — g

T (| = .

lim
J3j—00 J3j—

Hence ;) = BW:Iali}n pl = 0, and iy = 0. By Proposition 4.1 A\, = A\j € Agy = i *AL. From the
j—00

assumption of ¢, we have i *\, = p — A\ €4 *Ag—s and A\, € Aél:s. We get anj = 0,0p,5 = 0. From (1) it

follows that A\, = 0. O

Further consider the following orthogonal decomposition:
Oy = Qngm +1 " Gnsm B5 = B + 1 Bmy VG = Vo + 8 Thms 1y = g, +1E

where
~ n an n ~n n ~
Qnjm, CnJm; /BJm: /Bva Yims Yim> H,jm’ Hr.;m € Acm,

Lemma 6.4.
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@) Y =V + Bl — Om + Nim,
B) 17 = —~(asn = VB — @sn ¥ + (Gnm + ),
@ @5 = —(asm = DBy = asa¥ + M-
Proof. By Lemma 6.1, we have
An = ang — 1 ¥ang + BF + Y] = anm — @ Tonm + B + 1
= tnm + Om + 1 m = *Onm —  *6m — Tm + B + A + 1 Y + 1 B

= Qpm — 1 *anm + (ﬂgm + :ng + 6m - nm) +1 *(IBYJlm + 7.7]zm - 6m + nm)‘

Since
Zw ’ﬁln € Acm mAéLs’ (ﬁgm + ifltm + 5m - Um), (Bgm + 7Tllm - 6771 + nm) € Acma
we have
ﬁ?n = ﬂ9m+'~YrJlm+5m — Tlm, 777:1 = 5.7llm+77Jlm — Om + Nm.
From
anJg + .B:’]l = ajpAy + H'}, —anJ + ’)’9 =(1- ajn)Ay — H’},
we get
B 8B, = 1 = =(asn — 3)As + ong + 5(6F = 75)
= —ajn(B} +7}) + ong + B}
= —asn(Bm + 1 "B + Vi + 1 Th) + (@nm + 8 + 3 *0m) + BT, + i B0,
= —(asm — 1)BJm — ain¥im + (@nm + 6m) — i *{(asm — l)ﬁfllm + @nVim — Nm}-
Therefore
wh = —(am = 1)Bm — ainV5m + (@nm + 6m),
= =(@an = 1)} = €0 T3 + T
Lemma 6.5.

(D) Bl + Vi = @smAm + tim,
(2) Bf}m + Y m = (1 = am)Im — .u'r{v
B) A = B+ Vim + B + Vs
(4) i = (1= agm) (B +VIm) = asm(Bm + Vim)-
Proof. By the representation
Ag = B3+ 5 = Bl +1 B+ Vm + i Vi

= aymAm + (1 — aym)i *Am + N#z —1 *N#u
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we have
BTJlm +'Y.T]lm = aymAm + /‘;ln.’ :H.T}m + :7.7Ilm = (1 - aJm))‘m - ,U'r{r

It follows that
’ Am = ,B.T]lm + Vi + ﬁrsz + :Y?m’

1 ~ - 1
#7{1 = 5(5.7}171 + 7.1}m - ﬂym - 7§m) + (5 - aJm)Am
=BT + Vi — @B + Vi + B + V1)

= (1 - aJm)(lBgm + ’Y‘r}m) - aJm(lBT}m + ?gm)

Lemma 6.6.
. 2
(1) 18+ T2 = (@5 + 2 —~ 1AL,
an no (12 — _ ”90”2
) 1B + A3l I° = (a7 — 2a5m + 1) 1
lll|?

3) < B + Vi Bl + Vi >= (1~ a0) =
Proof. By Lemma 6.5

) {18 + V12 = llagmAm + w2

llell?
4

@) 187+ Amll® = 111 = agm)dm — pim[?

=(2ajm2+aj+2ajm—l—2(ljm2) :(aJ+2aJm—1)

2 2

={2(1 —aym)? + ay + 2asm — 1 — 2am?%} ”ﬂ” = (ay — 2aym + 1) ||SZ|| ,
3) < ﬁgm + ’ng’ B.?m + ;7.7}m >=< ajmAm + “;]na (1 —agm)Im — Pf}% >
2 2
={20sm(1 — agm) — @y = 2aum + 1+ 2aJm2}——“ﬂH =(1- aJ)—Hi“ :

Lemma 6.7.
. oy 3 [ 2 =
(1) tim_(<B3;,7%; > =183 =0,

@ lim (< B%5, B3 > — < B3, 7% >) =0,

(3) lim (< 'Y?ij?j > —||’~Y§j||2) =0,

J3j—o00

@) dim (<3705 > = < 83,75 >) =0,
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(5) Jim_(< 835,75 > +3 < 735, 85 > ~llams|) = 0,

(2a7n +ag = 1)llell*.

3j—

o |

(6) ; limoo(< B35, By +7; >+ < ng,,@}j +747; >) =

Proof. (1) By Lemma 6.4 we have

Using Lemma 3.4 we have

n (12 an 12 ni2 _ : no QN ~ : 2 ~
1185;11° + 1183;11° = 11B711° = Jal;.riloo<,3Jaﬁj >= Jal}filoo(||5?j|| + < B75:97;5 >

. n zn an |12y —
Jg;lgoo(< B V1 > _”ﬁJj” )=0.

Similarly we have the following:
(2) < B *BY >=< B+ 1 Byt *Bhm + 1V + 1 6m — 1 "1 >
=< B0 B+ A >+ < B Ok — N >,
< B, ’;ﬁ? >=< B+ "B, 65 + B3 >=2 < 63, 5%; >
= Jim < f3,i6) >= lim (< B35, 8% > + < B3;,7%; >),

. n  an an ~n _
JS}}IBOOK Bl By; > — < B35,75; >) =0,

=< VIms Bhm + Yim > + < Yy —0m + hm >,

n (|2 ~n (12 _ ni2 _ non—_—_ 1 n 12 n an
YT+ 13751 = (15 _JBI;IBOO<7Ja7j >= Jal;rgm(llejll + <773, B87; >),

. n o an ~n (12} —
Jal;'llloo(< Y15, 815 > —||’YJj|| )=0,
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=< ’VJlm,’ng + IB?}m >+ < ﬁgmv _5171 + Nm >,
<G NG >=<G +1 7G0T AT >= 2 <7577 >

_ : noAMn ~ : ~n n ~n  an
= Jal;,riloo <57 >= ng;'riloo(< Y7575 > + <7587 >),

s n o ~n an  ~n _
Jg;.f_r}oo(< Y5375 > — < B35 775 >) = 0.

(5) It follows that

latnm — i *anm + By + 1 ¥l = [Aall® = [Aml1* = 1185 + I,
Hanm||2 =< ﬁ?n")’?n >=< :Bglm + :ng + 6m — Nm, ﬁ?m + 'Yfllm —6m + Im >,

: 3 “n A3 ~ 2
Jal;.f_f}oo(< By, By >+ < B3 >+ < N335 B0 > + <A7;77; > —llan;l|®) =0,

lim (< ,8:’]1],’)’73 >+3< ;YJjHB:’}j > —||anj||2) = 0.

" J3j—00

(6) By Lemma 6.1 we have

Omn

< ,B?m Am >=< apm + ,317-:;7 Am >=< QmnAm +E:,la Am >= '—2_'”90”2
=< B + Vm + m = Mms Bhm + Bl + Vi + Vim >,

aJn 2 . QAjn 2 . n -n  an an n ~n
2 ||30|| Ja;' 9 ”SOH JB_;' IBJJ +7J])ﬁ]] +:BJ]+7J] +’YJJ >

= JBI}I_I}OOK B7;: B+ > + < ﬂ?j,,é?j +77; >+ <75, 67 +97 > + < :Y.’Jljnégj +7; >)

. n =~ n 112 - - P
= JBI;IBOO(< B7;, 87 + ’733‘ >/+ < B7;,797; > +21B8511° + ||73j“2 +2 <555, 87; >)

= limoo(< B, B3+ >+ < ngaﬁrjj +57; > +||[33j + ’73;‘”2),

Joj—

. , ~n A =~ . 1 9
. JBI;IBOOK B BT + 7 >+ < B7;. 87 + 75 >) = Jal;.T_I}OO Z(2aJn —ay+2ay5 — 1)]|¢l|
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1
= Z(QaJn +ay—1)|lp|

From Lemma 6.5 we can put
ﬁ'}m = TmAm + 'ym,U'rJn + Wm,
Vim = (@sm — Tm)Am + (1 — ym)#rJn — Wm,

~ J .
6.7}771 = Zm/\m - meu'm + Wm,

Yim = (1 = aym — 2m)Am + (wm — l)ﬂ,‘; — W
Lemma 6.8.
. 1
(DNzy= Jal;'r—lelooxj = 5(2(1]” +ay—1),
2)zy= 1 P = 1( +1)
@2 = Jm 2= 5cas+1)
Proof. (1) We have
lim xw = lim <zj\; +y'/i4+w',/\- >= lim < f%,\ >
Jajmo0”? 2 usjmee S I DTS IR T g T DT
= Ja};riloo < :8.7]1_73 ﬂ.T]lJ + ’)"T]lj + ,3?] + 57 >
= lim (< 'Byj’ﬂfllj +77; >+ < B?j,,é?j + ’7?] >)
JS]—roo
1 2
= 7(2asm + a5 = Dol
Hence
. 1
2o = lm 2 =32 +as—1),
(2) We have
lim z-”(P”2 = lim < zj\j— wipl +dj, A >= lim <ﬁ~7} Ai >
J3j=00 7 2 J3joce 7Y J8m 1 7 J3j—00 N

_ . an n n an L
= Jal;r—l-)loo < ﬁJjHBJj +7JJ +ﬂJ_7 +7J] >

= dim (< B3, 875 + ;> + < s B + T >)
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= dim_ (<55, 83 + 735 > + < B3, B3 + 735 >)

(—ay +1)|l¢||* (by Lemma 6.6).

»Jklﬁ—‘

Therefore ) )
zy = limjsj00 2 = 5(—ay +1).

1
Lemma 6.9. When 2 <ajy<l1,
li ; ) = 2.
Ja;'riloo(yj + w‘y)

Proof. By u” , ), € Am(ip) and their representation we have

1

< W >= 5 < = i = >
1 . ox . ok .ok . o%
=§<)\n——z A = (20mn — 1)(Am — i *Am), Ay — 1" A7 — (2a7m — 1) (A — 4 " Amm) >

1 . -
— < (2amm — Dy — i *A7) + 2asm = D = i ), O — i *Am) >).

And by Lemma 5.1

<P, i >= %{(2% —Dllel? = (2amn — 1)(2asm — Dllell® + (2a7m — 1)(2amn — 1)l||®
+(2amn — 1)(2asm — 1)llol*}

= %{(ZaJn — 1) — (2amn — ) 2aym — } “‘»0”2

Therefore
im < ] >= 4(2aJn - 1)(1 - aj)llpl*.
On the other hand, by Lemma 6.1 and 6.4,
Onm = mnAm — B = =B = —Bim = Vim = 0m + Mm

= —TmAm — ymﬂy{z — Wm — (1 —Qajm — zm)’\m - (wm - 1):“'1‘{/; + Wm — 6m + M

:(zm—xm+aJm—1))\m+(1—ym—wm)u#—wm-}-d)m—ém-i-nm.
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We get

< E?n,;L}]n >=< apm— (Zm —Tm+ nm +aym — 1))\m - (1 —Ym _wm)ﬂ;{q +Win — W + O, —m, #7{1 >

= (Ym + wm — 1)”/-"}]n||2+ < anm + 0m — 77m>'#}]rL >

By Lemma 5.2 we have

||J2_ 9 ~1-2 2”()0”2
Binll® = (a7 + 2am agm”) =

From anm € Ay, f, € Aem, We get

* J

J .
< anm,,UqJn >=< anm:,“m -1 )u‘m >

2
i *Am €1 *Acin = AL, C AL, Weget Ay =@ —i*\, € AL

1 .
= —<anm;)\J—i*)\J—(QaJm—-l)(/\m—i*/\m) > .

Since p € AL C AL,
By Lemma 6.2 A\; € AL Ni*AL C AL, ie i*\; €i*AL N AL C AL,. Hence < apm, py >= 0.

It follows that

1 2 . J
= — — = 1] LT
7(Zam = DA —allel® = lim <l p5 >

— ) . _ 2 ||50[|2
= lim (y; +wj;—1)(3ay—1-2ay )—4—

1 .. 2
7 sam (v +w; = 1)2ay = 1)(1 = as)llell”

Noting that (2a; — 1)(1 — ay) # 0, we get

limJaj_.,Qo(yj + w; — 1)=1i.e., limjgj_,oo(yj + wj) = 2.

When (2a; — 1)(1 — ay) # 0, for sufficiently large m, we may suppose that

ﬂm“ = (aJ+ ajm ajm ) 1 __( aj )( aJ)——S—.

Since {ym}, {wm} is bounded. By Lemma 3.1 there exists K C J such that

lim = lim w; =wg
Yk yK,KBk—»oo k s

K>k—o0
BW- lim  p” =%, BW-lim wy = wg, BW-lim @ = @k.
K3k—oo—k =K K3k—00 K3k—00

Then

QnJ — @JnAy — pp = BV}’%aljcmoo(ank — QgnAp — 1)
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1 1
= (5(zas+1) = 5(2am +ay = 1) +ay - DAy + (1 - yk — wi )ik — wK + K

= —aAs — pk — wi + Ok
Hence we have
onJ _E?( = —,u{{ —wg + Wk
On the other hand, by the representation of Ay and Lemma 6.3
Qng — P = agmAs — B;
= aun(@smAm + (1= aym)i “Am + i =1 *pin) = B = i "Bl
= ayn(@smim + (1 — aym)i *Am + g — i *113,)
—TmAm — ymu;,’1 — Wm — Zmi Am + wmt *u,Jn — 3 om
= (@gn@jm — Tm)Am + (@Jn — QInGIm — Zm)i "Am
 Haun — Ym)b, — (@un — Wm)i iy — W — i *Om

1 1 1 1 %
= (aypay —ajn — =aj+ =)As + (ayn —agnay — = + zay)i*Ay

2 2 2 2
+(agn — yr )k — (aun — WK)i *pk — wk — 1 *Ox
11 N

= (aynay — ajn — 297 + 5)()\J —i*\y)

+agm — YUk — (@un — wK)i “pk —wr — 1 oK
_ %(zaJn —1)(as =) —i*A) + (1 = yr)(uk +4 "uk)
Flagn — V(g — i *uk) + (yx +wi — 2)i *pge — wk — i *ok.
By the representation of A
wh il = %ng-al;rgw{AJ ity = (255 — D\ — i *A))
=1 —azn)(As—1%A)).
After all
on = e = (@5 = 1) = *Ag) + (U= ys) (ke + 8 *uk) - — "
By Lemma 6.1 and the representation of A, — i * Ay

A= A =2(ang — 1 Tang) + B — 1B — T +1i Y]

= (2am —1)(As—1"A5) + 2(_;!;{ —1 *H?{)
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We get
ang =y — 1 " (ang — W)
= (aJ—1)(/\J—7:*/\J)—(wK—i*wK)-l—(cDK—i*L:)K)

1 . . % -
=§(2aJn—1)(>\J—Z A) = (BF —i*BF — 7 +i*v7).

Hence we have
1 . 1 o
(ag —ajn — 5)(>\J —i*A5) = (as—ajm - 5)(ﬁ7} + 7 =1 *(B7 + 7))
= (wx — 1 "wk) — (Wg — 1 *OK) — (BF — i *BF — T+ *77).
It follows that
1. 3 . )
(ag —ajn+ §)ﬂJ + (ay —ajp — 5)71 —wk + WK
- 1. n 3\ n ~
=1*((ay —ayn + §)ﬂJ + (ay —ayn — 5)71 — Wk + Wk).

Proposition 6.2. When a;(¢) = 1,

. ps 2 an _ s = 2 = _
(1) Jal;rﬁoo(uﬂf}jn + < B%;,6% >) = Jal;.r_r}w(llﬁjll + <7577 >) =0,

; an |2 an_ xn T “n 12 -~ _
(2) Jal}riloo(llﬂlel + < B39 >) = Jal;.r_rgoo(llell + < 83,73 >) =0,
: |lel]?
3) Jg;.gloo < B3, 8% + 73 >=aun 5

Proof. By Lemma 6.6 we have

. n 12 - 2 o~
Jsl}rgw(llﬁ?jll + 11775117 + 2 < 83,77 >)

lel®
-4 _0’

: an ~n (|2 .
Jal;riloo ”BJJ + 7""” JB;IBoo(aJ aJj + 1)
R an 112 _ (157 []2 =0.
Jim (185112 = 1751)
By Lemma 6.7 we have

0= Jal;rgm(< B35, 87 > — < B35 + B3 — B35 >)

_ : no an an 112\ _ . n o =n ~ 2
= B};f_{lmk B3, B > +B35117) = Jg;.r_f{oo(< Y75, Y75 > A7)
||ﬂ.7]lj||2+ <B175 >) = JB};E}OO < ng',ﬁﬁj +797; >=0

lim (
J3j—00

: ~n |12 ~ an _ : ~n an ~n _
s (9551174 <335 B35 >) = [ lim < 775, B} + 735 >=0
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2
: n n n _ H‘p”
JBI;QOO < BBy vy >= n5 , O

1
Proposition 6.3. When a ;(p) = 3
n n an n 1
(1) IBJm + Yim = Bim + Vim = 5’\771?

S 1
. _ : n ~ _ 2
(2) Jal;'llloo < B3, 87 +77; >= Jal}llloo < B3 B35 + 47 >= E“SOH ,

3)

: n2 _ (A7 ]12) = T "n.2_~n’2=.
Jdim (811 = I112) = | lim (1831 = 1731 = 0

Proof. (1) By Proposition 5.1 Ay = ¢ *A;. Using

A= B3+ = Bm +Vm + 5 (B + Am), Where 5, + 40, B + 34 € Aem,

= 1
we have 87 + 7%, = 87, + VT = 5)\m (Lemma 6.5).

(2) By Lemma 6.7

Jalj,filoo < B3, B+ >= JBI;IBOO(< B35 V75 > + < 075,67 >) = Jal;I—II»w < B3B3 +13; >

_ . no ~n n o ~n _ : an ~n  xn
= Ja};.f_f_loo(< By V1 >+ <3575 >) = JBI;IEOO < BJ; +775:Y7; >

= lim (<9};,77;>+< 79]'1[3.7}]' >) = Jal;f_ljoo <75 B + 7 >
L lm < Bl B + 7 >= =l (Lemma 6.6).
2 J3j—00 J A J 16

(3) Above equalities show that
. 2 2y _ 1 an 112 ~n 12y _
s QB3I = 113117 = Dim (11835117 = [17311%) = 0. O
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