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PAPER

Wave Scattering and Diffraction from a Finite Periodic

Surface: Diffraction Order and Diffraction Beam

Junichi NAKAYAMA†a), Regular Member and Hayato TSUJI†, Nonmember

SUMMARY This paper deals with a mathematical formula-
tion of the scattering from a periodic surface with finite extent. In
a previous paper the scattered wave was shown to be represented
by an extended Floquet form by use of the periodic nature of the
surface. This paper gives a new interpretation of the extended
Floquet form, which is understood as a sum of diffraction beams
with diffraction orders. Then, the power flow of each diffraction
beam and the relative power of diffraction are introduced. Next,
on the basis of a physical assumption such that the wave scat-
tering takes place only from the corrugated part of the surface,
the amplitude functions are represented by the sampling theorem
with unknown sample sequence. From the Dirichlet boundary
condition, an equation for the sample sequence is derived and
solved numerically to calculate the scattering cross section and
optical theorem. Discussions are given on a hypothesis such that
the relative power of diffracted beam becomes almost indepen-
dent of the width of surface corrugation.
key words: wave scattering, �nite periodic surface, di�raction

beam, sampling theorem

1. Introduction

The scattering and diffraction by periodic gratings have
received much interest, because they have important
applications such as optical filters, leaky wave antennas,
and waveguide couplers. Many works have been car-
ried out to investigate diffraction and scattering char-
acteristics of a grating with infinite extent [1], [2], a
semi-infinite grating [3], [4] and a finite grating [5]–[9].
In case of an infinite grating, the incident plane wave
is scattered into only discrete directions and the scat-
tered wave becomes a sum of diffracted plane waves
with discrete index known as the diffraction order. The
power carried by each diffracted wave is commonly in-
vestigated to calculate the diffraction efficiency. On
the other hand, in case of a finite grating the scatter-
ing into all directions takes place and hence discussions
have been concentrated on the angular distribution of
the scattering. But no mathematical concept has been
presented for the diffraction order or diffracted wave
with discrete index, though a finite grating is used as
a device diffracting the incident wave into discrete di-
rections in practical applications. This implies that a
periodic case with infinite extent and a finite periodic
case have been considered to be entirely different in
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mathematical formulation.
To bridge gaps between an infinite extended and a

finite periodic cases, however, we introduced the peri-
odic Fourier transform as a new idea of analysis [10],
[11]. We then found out that the scattered wave has
an extended Floquet form in a previous paper. This
paper gives a new interpretation of the extended Flo-
quet form, which is understood as a sum of orthogonal
diffraction beams with diffraction orders. Then, the
power flow of a diffraction beam, the optical theorem
and the relative power of diffraction are defined. We
present a new hypothesis such that the relative power
of diffracted beam becomes almost independent of the
width of surface corrugation. The validity of this hy-
pothesis is discussed numerically.

Next, taking a physical assumption such that the
wave scattering takes place only from the corrugated
part of the surface, this paper derives another repre-
sentation of the scattered wave by the sampling theo-
rem, where the amplitude functions are represented by
a sample sequence. In case of TE wave incident on a si-
nusoidal surface with finite extent, the sample sequence
is determined numerically to calculate the scattering
cross section and optical theorem.

2. Diffraction Beams

Let us consider the wave scattering from a periodic sur-
face with finite extent (See Fig. 1). We write the finite
periodic deformation as

Fig. 1 Scattering and diffraction by a finite periodic surface.
ψi(x, z) and ψs(x, z) denote the incident plane wave and scat-
tered wave, respectively. θi is the angle of incidence and θs is a
scattering angle. W and σh are the width and height of periodic
corrugation, respectively.
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z = f(x) = u(x|W )fp(x), (1)
fp(x) = fp(x+ L), (2)

where fp(x) is a periodic function with a period L and
u(x|W ) is a rectangular pulse given by

u(x|W ) = u2(x|W ) =
{

1, |x| ≤ W/2
0, |x| > W/2 , (3)

Here, W is the width of the periodic corrugation. By
kW we denote the spatial angular frequency associated
with W and by kL the spatial angular frequency asso-
ciated with L,

kW =
2π
W

, kL =
2π
L
, NWL =

W

L
, (4)

where NWL is the ratio of W to the period L and is
implicitly assumed to be an integer. Note that (1) be-
comes periodic with infinite extent when W → ∞.

We write the y-component of the electric filed by
ψ(x, z), which satisfies the wave equation[

∂2

∂x2
+

∂2

∂z2
+ k2

]
ψ(x, z) = 0, (5)

in the region with z > f(x) and the Dirichlet condition

ψ(x, z) = 0, z = f(x), (6)

on the surface (1). Here, k = 2π/λ is the wavenumber
and λ is the wavelength. We write the incident plane
wave ψi(x, z) as

ψi(x, z) = e−ipxe−iβ0(p)z, p = k · cos θi, (7)

βm(p) =
√
k2 − (p+mkL)

2
, Im [βm(p)] ≥ 0,

(m = 0,±1,±2, · · ·), (8)

where θi is the angle of incidence and Im stands for
imaginary part.

We write ψ(x, z) as

ψ(x, z) = e−ipx
[
e−iβ0(p)z − eiβ0(p)z

]
+ ψs(x, z), (9)

which is a sum of three components: the incident plane
wave, the specularly reflected wave and ψs(x, z) the
scattered wave due to the surface corrugation. One
may determine a form of the scattered wave by use
of the periodic nature of the surface corrugation [10].
Then, the scattered wave is shown to have the extended
Floquet form:

ψs(x, z) =
e−ipx

kL

∞∑
m=−∞

e−imkLx

×
∫ π/L

−π/L

Am(s)e−isx+iβm(p+s)zds (10)

=
∞∑

m=−∞
Ψm(x, z), (11)

which holds for z > max{f(x)}. Here, Ψm(x, z) is the
m-th order diffraction beam

Ψm(x, z) =
1
kL

∫ π/L

−π/L

Am(s)

×e−i(p+s+mkL)x+iβm(p+s)zds. (12)

We note that (10) satisfies (5) and the radiation con-
dition at z → ∞ term by term. Am(s) is a complex
amplitude of a plane wave propagating into a direction
k = −(s+ p+mkL)ex + βm(p+ s)ez, ex and ez being
unit vectors into the x and z directions, respectively.
In other word, Am(s) is the amplitude of a plane wave
scattered into the θs direction, where θs is given by

cos θs = −
(
cos θi +

s

k
+m

λ

L

)
. (13)

If we put s = 0, this relation becomes the famous grat-
ing formula:

cos θm = −
(
cos θi +m

λ

L

)
, (14)

where m stands for a diffraction order.
Let us discuss on the representation (10). The rep-

resentation (10) is a product of the exponential phase
factor e−ipx and a harmonic series that is a ‘Fourier
series’ with ‘Fourier coefficients’ given by band-limited
Fourier integrals. When W goes to infinity and (1)
becomes periodic with infinite extent, the amplitude
function becomes [10]

Am(s) = kLÂmδ(s), (W → ∞), (15)

where Âm is a diffraction amplitude and δ(s) is Dirac’s
delta function. Hence, (10) is reduced to the famous
Floquet form for the periodic grating (See Eq. (39) be-
low). Therefore, (10) is regarded as an extension of the
Floquet form and is called the extended Floquet form
[10], [11]. WhenW is much larger than the wavelength,
however, Am(s) is expected to be a localized function
taking a large value only at s ≈ 0. This implies that
Ψm(x, z) is a beam, of which main lobe is scattered into
the direction θm determined by (14). Thus, we have call
Ψm(x, z) the m-th order diffraction beam. The concept
of such a diffraction beam with diffraction order for a
finite periodic case is first proposed in this paper. By
a direct calculation, one easily finds an orthogonality
relation between such diffraction beams,

1
2π

∫ ∞

−∞
Ψm(x, z)Ψ∗

n(x, z)dx

= δm,n

∫ kL/2

−kL/2

∣∣∣∣Am(s)
kL

∣∣∣∣
2

e−2Im[βm(p+s)]zds,

(16)

where z > max{f(x)} is implicitly assumed and δm,n
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is Kroneckers’s delta. From this relation, we under-
stand (11) as a sum of orthogonal diffraction beams
with diffraction orders.

We have defined the diffraction beam with any or-
der. Next, we calculate the power flow carried by a
diffraction beam. From (12), one easily obtain a rela-
tion of the power flow into the z direction,

Re
∫ ∞

−∞

∂Ψm(x, z)
i∂z

Ψ∗
n(x, z)dx = δm,nΦm,

Φm = 2π
∫ kL/2

−kL/2

Re
[
βm(p+ s)

k2L

]
|Am(s)|2ds,

(17)

where Φm is the diffraction power carried by the m-th
order diffraction beam. The asterisk and Re stand for
complex conjugate and real part, respectively.

3. Optical Theorem

Since the plane wave is incident on a surface with in-
finite extent, the total power of incidence becomes in-
finite. However, the scattered power always remains
finite, because the periodic surface is finite in extent.
Concerning such a finite power of scattering, we may
obtain an optical theorem [10],

4π
kL

β0(p)Re[A0(0)] =
kW

2π

∫ π

0

σ(θs|θi)dθs,

=
∞∑

n=−∞
Φm, (18)

where 4πβ0(p)Re[A0(0)]/kL is the total power of scat-
tering, Φm is the power carried by the m-th order
diffraction beam (17) and σ(θs|θi) is the differential
scattering cross section divided by W ,

σ(θs|θi) =
(2π)2k
k2LW

∞∑
m=−∞

sin2 θsu(−k cos θs − p

−mkL|kL)|Am(−k cos θs − p−mkL)|2. (19)

The relation (18) means that the scattering takes place
with the loss of specular reflection.

Assuming β0(p) = k sin(θi) = 0, we rewrite the
optical theorem as

∞∑
m=−∞

Pm = 1, Pm =
kL · Φm

4πβ0(p)Re[A0(0)]
, (20)

where Pm is the relative power of the m-th order
diffraction beam divided by the total scattering power
4πβ0(p)Re[A0(0)]/kL. Roughly speaking, the total
scattering power and the diffraction power Φm are pro-
portional toW , because the scattering takes place from
the corrugation with width W . This implies a hypoth-
esis such that the relative power Pm becomes almost
independent of W . We will see the validity of this hy-
pothesis later.

4. Expression by Sampling Theorem

By use of the periodic nature of the surface, we have
derived the extended Floquet form. However, taking a
fact that the scattered wave vanishes at the flat part
of the surface (1), this section derives another repre-
sentation of the scattered wave by the sampling theo-
rem, where the amplitude functions are represented by
a sample sequence.

We assume the Rayleigh hypothesis and the ex-
tended Floquet from (11) are valid even on the corru-
gated part of the surface (1). When the corrugation
height is sufficiently small, this assumption may give
reasonable results for the scattering cross section.

Substituting (9), (11), (12) into the boundary con-
dition (6), we then obtain

1
kL

∞∑
m=−∞

e−imkLx

∫ π/L

−π/L

Am(s)e−isxds

= u(x|W )Q(x), (21)

Q(x) = 2i sin[β0(p)fp(x)]−
1
kL

∞∑
m=−∞

e−imkLx

×
∫ π/L

−π/L

Am(s)e−isx
[
eiβm(p+s)fp(x)−1

]
ds. (22)

Here, the left hand side of (21) is equal to eipxψs(x, 0).
Due to the boundary condition (6), the right-hand side
of (21) vanishes for |x| > W/2. For |x| ≤ W/2, we
represent Q(x) by Fourier series as

Q(x) =
∞∑

n=−∞
Qn · e−inkW x, |x| ≤ W/2, (23)

Qn =
1
W

∫ W/2

−W/2

Q(x)einkW xdx. (24)

If we calculate the Fourier transform of (21) and we
take the relation (23), we obtain a representation of
Am(s) by the sampling theorem,

Am(s) =
1
L

∞∑
n=−∞

QnU(s− nkW +mkL|W ), (25)

where U(s|W ) is the Fourier transform of u(x|W ),

U(s|W ) =
∫ ∞

−∞
u(x|W )eisxdx =

sin(Ws/2)
(s/2)

, (26)

U(l · kW |W ) = Wδl,0, (l = 0,±1,±2, · · ·), (27)
lim

W→∞
U(s|W ) = 2πδ(s). (28)

In (25) Qn is related with a sampled value of Am(s).
Putting s = nkW − mkL in (25), one easily finds a
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relation

Am(nkW −mkL) =
W

L
Qn. (29)

This means that Qn is an amplitude factor of another
beam scattered into the direction θn:

cos θn = −
(
cos θi +

λ

L

n

NWL

)
. (30)

By the relation (25), the scattering problem is re-
duced to finding a sampled sequence {Qn}. Let us ob-
tain an equation for Qn. Substituting (25) into (22)
and (24), we obtain a linear equation for Qn,

Qn +
∞∑

l=−∞
DnlQl

= C[nkW |β0(p)]− C[nkW | − β0(p)], (31)

where Dnl and C[s|β] are

Dnl =
1
2π

∞∑
m=−∞

∫ kL/2

−kL/2

U(s+mkL − lkW |W )

× C[nkW −mkL − s|βm(p+ s)]ds, (32)

C[s|β] = 1
W

∫ W/2

−W/2

eisx
[
eiβfp(x) − 1

]
dx. (33)

In what follows, (31) is solved numerically to obtain the
sequence {Qn}.

However, the diffraction becomes strong into the
directions given by (14) and Am(s) takes a large value
only at s ≈ 0. Therefore, Qn is expected to be large
only when n is an integer multiple of NWL. This fact
suggests an approximation such that Qn is neglected
when n is not equal to an integer multiple of NWL,

Qn ≈ 0, (n = lNWL, l = 0,±1,±2, · · ·). (34)

If this approximation (34) is employed, the size of ma-
trix equation (31) may be much reduced. This approx-
imation works well in some case. But we omit discus-
sions on this here.

5. Numerical Example

As a simple example, we consider a case where the sur-
face deformation is sinusoidal

fp(x) = σh · sin (kLx) , (35)

where σh is the height of corrugation and is assumed
much smaller than λ the wavelength. To make f(x) a
continuous function of x at x = ±W/2, NWL has to be
a positive integer or a half-integer. However, we simply
assume NWL is an integer. In case of the sinusoidal
corrugation, (33) becomes

C[s|β] = 1
W

∞∑
l=−∞

[Jl (σhβ)− δl,0]U(s+ lkL|W ),

(36)

where we have used the formula on Bessel function Jl(·),

eiσhβ sin(kLx) =
∞∑

l=−∞
Jl (σhβ) eilkLx. (37)

For numerical calculation, we put

σh = 0.1λ, L = 2.5λ, W = 20L = 50λ. (38)

We take truncations such that the sequence {Qn} and
the matrix [Dnl] in (31) are approximated by a 201-
dimensional vector and by a 201× 201 matrix, respec-
tively. We also replace the infinite sum in (32) by a
finite sum from m = −6 to 6 to calculate an element of
[Dnl].

Then, we numerically solved (31) to get Qn shown
in Fig. 2. We see in Fig. 2 that |Qn| becomes large
only when n is an integer multiple of NWL = 20, as
is expected. We substitute Qn into (25) to obtain the
complex amplitude Am(s). Using (19), we then ob-
tain the differential cross section σ(θs|θi) against θs

illustrated in Fig. 3, which agrees well with results in

Fig. 2 log10 |Qn| against n. θi = 60◦, L = 2.5λ, W = 20L,
σh = 0.1λ and NWL = 20. |Qn| becomes large when n is an
integer multiple of NWL = 20.

Fig. 3 Differential scattering cross section σ(θs|θi). θs and θi

are a scattering angle and the angle of incidence, respectively.
θi = 60◦, L = 2.5λ, W = 20L, σh = 0.1λ and NWL = 20.
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Fig. 4 Relative power Pn for periodic surface with finite ex-
tent. L = 2.5λ,W = 20L, σh = 0.1λ. The 1st and 2nd order con-
tinuous Floquet modes become propagating about θi ≈ 53.13◦

and 78.46◦, respectively.

Ref. [11]. Due to the surface periodicity, the scatter-
ing cross section has major peaks at θs = 45.6◦, 72.5◦,
95.7◦, 120.0◦, and 154.2◦. These angles coincide with
the diffraction angles calculated by the grating formula
(14). In Fig. 3 the −1st and 1st order diffraction are
relatively large, because the surface deformation is si-
nusoidal. Sidelobes around major peaks are physically
caused by interference between waves scattered by the
edges at x = ±W/2. However, the sidelobe levels are
much reduced by apodisation [12].

From Qn, we calculate the optical theorem (20),
which is illustrated as a function of the angle of inci-
dence in Fig. 4. When σh = 0.1λ, total power

∑
Pn is

almost equal to 1. In fact, the error |1 −
∑

Pn| is less
than 5 × 10−5 for θi ≥ 1◦ in case of (38). The error
is less than 1 × 10−4 even when σh = 0.2λ. However,
we note that, when σh > 0.2λ, the error becomes much
large and Rayleigh hypothesis may not be useful for
calculating the scattering cross section.

6. Comparison with Periodic Case

We have present a hypothesis such that the relative
power Pm becomes almost independent of W . To see
the validity of this hypothesis, we compare a finite pe-
riodic case to a periodic case with W = ∞.

When W → ∞, (1) becomes a sinusoidal surface
with infinite extent. We denote the wave field for such
a periodic case by ψD(x, z), which is represented by the
Floquet form. From (10) and (15), however, we write
the Floquet form as

ψD(x, z) = e−ipxe−iβ0(p)z − e−ipxeiβ0(p)z

+e−ipx
∞∑

m=−∞
Âme

−imkLxeiβm(p)z, (39)

which is a sum of three components: the incident
plane wave, the specularly reflected wave and the
diffracted waves with amplitudes {Âm}. This defini-
tion of diffracted wave is different from others; for ex-
ample, Refs. [1], [2] consider the wave field as a sum

Fig. 5 Relative power P̂n for periodic surface with infinite ex-
tent. L = 2.5λ, σh = 0.1λ. The 1st and 2nd order Floquet modes
become propagating at θi ≈ 53.13◦ and 78.46◦, respectively.

of two components: the incident plane wave and the
diffracted wave, where Âm − δm0 in (39) is regarded as
the amplitude of the m-th order Floquet mode. Notice
that Âm is defined as the amplitude of the m-th order
Floquet mode in this paper.

In case of a periodic grating with infinite extent,
the energy conservation law may be written as

β0(p) =
∞∑

m=−∞
Re [βm(p)]

∣∣∣Âm − δm,0

∣∣∣2 . (40)

Rewriting this, we obtain the optical theorem
∞∑

m=−∞
P̂m = 1, P̂m =

Re[βm(p)]|Âm|2

2β0(p)Re[Â0]
,

where 2β0(p)Re[Â0] is the total diffraction and P̂m is
the relative power of the m-th order Floquet mode.

By use of the non-Rayleigh method in Ref. [2], we
numerically calculate the amplitude Âm, from which
the optical theorem in Fig. 5 is obtained. Compar-
ing Fig. 5 with Fig. 4 for finite periodic case, one finds
that the relative powers against the angle of incidence
are much similar in these two cases. Let us see some
numerical examples of the relative powers. When
θi = 60◦, we have P−3 = 1.5724228 × 10−3, (P̂−3 =
1.5685676 × 10−3), P−2 = 5.9636250 × 10−2, (P̂−2 =
5.7857707 × 10−2), P−1 = 0.5490089, (P̂−1 =
0.5544853), P0 = 0.1176858, (P̂0 = 0.1138783), and
P1 = 0.2720708, (P̂1 = 0.2722101). In case of θi =
30◦, we have P−5 = 5.4440346 × 10−7, (P̂−5 = 0.0),
P−4 = 4.8057391 × 10−5, (P̂−4 = 2.1914748 × 10−5),
P−3 = 2.7040027 × 10−3, (P̂−3 = 2.6856598 × 10−3),
P−2 = 7.9067543 × 10−2, (P̂−2 = 7.6232642 × 10−2),
P−1 = 0.8429495, (P̂−1 = 0.8474179) and P0 =
7.5199872 × 10−2, (P̂0 = 7.3641948 × 10−2). These ex-
amples show the hypothesis is reasonable. But there
is some difference in these figures such that the rela-
tive powers rapidly change at θi ≈ 53.13◦ in the peri-
odic case of Fig. 5, but the changes are gradual in the
finite periodic case in Fig. 4. Here, θi ≈ 53.13◦ is a
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critical angle at which the 1-st order Floquet mode be-
comes propagating. Also, one may see slight difference
at θi ≈ 0, which is a critical angle for the 0-th order
Floquet mode. Such difference comes from a fact that
a finite periodic surface has continuous spectrum but a
periodic surface has discrete spectrum. Since the con-
tinuous spectrum approaches to the discrete one when
W becomes large, we may conclude the hypothesis may
be useful whenW is much larger than the period L and
when the angle of incidence is not critical.

7. Conclusions

We have dealt with the wave scattering from a periodic
surface with finite extent. By a new interpretation of
the extended Floquet form, the scattered wave is un-
derstood as a sum of orthogonal diffraction beams with
diffraction orders. The power flow of a diffraction beam
and the relative power of diffraction are mathematically
defined as new concepts. We present a new hypothesis
such that the relative power of diffracted beam becomes
almost independent of the width of surface corrugation.
The validity of this hypothesis is discussed briefly.

We also derived another representation of the scat-
tered wave by the sampling theorem, where the ampli-
tude functions are represented by a sample sequence. In
case of TE wave incident on a sinusoidal surface with fi-
nite extent, the sample sequence is first truncated and
then is solved numerically to calculate the scattering
cross section and optical theorem. However, our dis-
cussion was limited to a TE wave case with Rayleigh
hypothesis for a small corrugation height. We note that
our formulation can be immediately applied to calculat-
ing the scattering cross section for a dielectric interface
with a finite periodic corrugation. However, extensions
to non-Rayleigh method and TM wave case are left for
future study.
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